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INTRODUCTION

1. History and significance of the problem

The study of the linear boundary value problems for partial differential
equations, systems in the domain with smooth boundary so far have touched
nearly every aspects of the issue in the first half of 20th century. G. Fichera
(1972), D. Ginbarg and N. Trudinger (1983), L. C. Evans (1998) used unit
partition method to study the stop boundary value problems in smooth do-
mains in order to turn them into full space and semi-space ones. Non-stop
boundary value problems in the cylinders with the smooth bases were based
on Laplace or Fourier transformation to turn the stop problem with param-
eters in smooth domains.

From the middle of 20th century, general boundary value problems for
elliptic equations in singular boundary domains were studied, V. A. Kon-
drat’ev (1977, 1998) obtained important results of well-posed, regularity and
asymptotic behaviour of solutions in the domain containing conical points on
boundary. Later, some mathematicians such as P. Grisvard (1985), M. Dauge
(1988), E. V. Frolove (1994), V. A. Kozlov, V. G. Maz’ya, J. Rossmann (1997,
2001), V. A. Kozlov, V. G. Maz’ya (1988) based on V. A. Kondrat’ev’s find-
ings to study boundary value problems for stop systems in the domains with
singular points on the boundary.

In the 1990s, Fourier or Laplace transformation methods were not strong
enough for the mathematicians to conclude important properties of the solu-
tions to non-stop boundary value problems in domains with singular points
on base. At the end of 20th century, PhD.Sci. Nguyen Manh Hung et al.
used tangent surface cutting method to turn non-stop problems into stop
ones on a tangent surface. By that method, non-stop problems with coeffi-
cient in time variable were studied in the aspects of their well-positioned in
any domain and asymptotic behaviour of the solutions near conical points on
the boundary. The results of weak solvability, smoothness of weak solution in
time variable for the first and second initial linear problems in cylinder with
any boundary base, conical and angle point contained base were obtained.
Subsequently, asymptotic behaviour of the solutions near conical points of
general boundary value problems for hyperbolic systems in cylinders with
conical point containing bases was archieved as well. However, the non- stop
problems’ results were only considered in limited cylinders with non-smooth
base and asymptotic behaviour of solutions near singular points in cylin-
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ders with non-smooth point containing bases. Nguyen Manh Hung et al.
(2004, 2005) and Vu Trong Luong et al. (2011) studied non-stop parabolic
problems in unlimited cylinders. The regularity of solutions obtained from
general boundary value problems in unlimited with conical point containing
bases was mentioned when Nguyen Manh Hung and Nguyen Thanh Anh
(2008) considered initial boundary value problems for non-stop secondary
parabolic systems in limited cylinders with polygonal bases.

Basing on V.A. Kondratiev, V.G. Maz’ya and B.A. Plamenevskii’s impor-
tant results of initial boundary value problems for elliptic equations in non-
smooth cylindrical domains such as conical point containing domains and
polygonal based ones, Nguyen Manh Hung et al. obtained the uniqueness,
regularity and asymptotic behaviour of solutions near singular points (coni-
cal and cuspidal points). Especially, the smoothness of generalized solutions
in time variable of the first initial boundary value problems for high order
hyperbolic equations in unlimited cylinders (Nguyen Manh Hung, 2007) as
well as the uniqueness of generalized solutions of the first mixed problems
for high order hyperbolic equations in unlimited smooth domains (Bui Trong
Kim, 2008) were confirmed.

The nonlinear wave equations for structural damping on any smooth do-
mains, in which, the elastic systems for structural damping were studied by
many scientists interested in the elastic systems for structural damping of
about 40 years. Fan, Li, Chen (2013) obtained the existence of mild solution
in Banach spaces with damping constant ρ ≥ 2 and nonlinear f satisfy-
ing Lipschitz condition in second variable. Fan and Gao (2014) investigated
asymptotic behaviour of mild solution of elastic systems for structural damp-
ing in Banach spaces.

The results obtained have raised such questions as whether the problems
are solvable or not if nonlinear terms are added to semi hyperbolic equations
in unlimited non-smooth cylinders; or whether there exist solvability, regu-
larity of solutions in time variable of initial non-boundary value problems
if there was a side domain instead of those with conical, cuspidal and an-
gle points. In another aspect, are the ways to solve initial boundary linear
problems for hyperbolic in domains with edges different from those to the
ones containing conical and cuspidal points. Furthermore, when studying the
elastic systems for structural damping, we have found that the results for the
existence of decay mild solution to the problem such as obtained for classes
of nonlinear functions which have Lipschitz properties, the operators in the
equation are considered on the smooth domains.

From the above issues, we decided to research on boundary problem for
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some classes of wave equations in nonsmooth domains. In which, we inves-
tigate the existence global weak solution, local weak solution of the initial
boundary value problems for semilinear hyperbolic equations in nonsmooth
cylinders, in domains with edges. Furthermore, we also study decay mild so-
lution at exponential speed of the nonlocal initial value problem for nonlinear
second-order differential equations in Banach spaces with structural damping
on smooth and nonsmooth domains.

2. Overview of the research problem

As mentioned above, the study of well-posed, regularity in time and space
variable, asymptotic behavior of solution of initial boundary value for nonlin-
ear hyperbolic equations in nonsmooth domains in general and in the infinite
nonsmooth cylinders, domain with edges in particular is a the, which has
been interested by many mathematicians recently. Parallel with this issues,
study existence and properties of mild solution of Fractional integral and dif-
ferential equations for structural damping, ect. based on results of analytics
raised a high attention. One of the typical result that is existence or nonex-
istence of global solution is investigated J. L. Lions (1969), D. H. Sattinger
(1968, 1975), H. A. Levine (1974), M. Can (1997), B. Zheng (2004). J. L.
Lions concluded the existence of the solution by applying compact method
and in any finite cylinders and used compact method and Faedo-Galerkin
Technique. In the equation of the problem, he considered operator L = ∆
and nonlinear element f(x, t, u) = |u|pu.

From results obtained from V. A. Kondrat’ev, V. A. Konzlov, V. Maz’ya, J.
Rossmann for elliptic equations in nonsmooth domains: domain with conical
or angular points, piecewise smooth domain, convex domain, cone domain,
polyhedral domain, ect. Using the results of spectrum problem associated
with general elliptic equations in domains with edges, the existence unique-
ness, regularity of generalized solution were investigated in weighted Sobolev
L2−space, in weighted Hölder space. Nguyen Manh Hung obtained some
important results of regularity of solution in space variable of hyperbolic
equation of second order

n∑
i,j=1

∂

∂xi

(
aij(x, t)

∂u

∂xj

)
+ a(x, t)− utt(t) = f(x, t), (x, t) ∈ Ω× (0,∞),

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ∂Ω× (0,∞)

in infinite cylinders with nonsmooth base (2007); By using approximate
Galerkin, the unique solvability of solution of mixed problem for strong hyper-
bolic systems of higher order with element on the right side is function f(x, t)
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in infinite nonsmooth cylinder was obtained; By using approximate boundary
method, the existence unique and regularity of solution in time variable of
boundary value problem for hyperbolic system in nonsmooth cylinder whose
base is a cusp domain (2006, 2008); By applying approximate Galerkin, help
of elliptic problem on domains with conical points, the unique solvability
of solution, the regularity, asymptotic behavior of solution near the conical
points were obtained for initial boundary value problem for hyperbolic of
higher order (2013)

utt(t) +
∑

|α|,|β|≤m

(−1)α∂α
(
aαβ(x, t)∂βu(t)

)
= f(x, t), (x, t) ∈ Q,

Bju = 0, on S, j = 1, · · · ,m,
u(x, 0) = ut(x, 0) = 0, x ∈ G.

We study elastic system with structural damping, some of the results achieved
in relation to the operators elastic and damping, the properties of semigroup
associated elastic system with structural damping, the existence of mild solu-
tion, asymptotic behaviour of mild solution were concluded. G. chen and D.
L. Russell (1982) obtained some results of relation between elastic operator
A and damping operator B of system

utt(t) + But(t) +Au(t) = 0, t > 0

u(0) = x0, ut(0) = y0.

A noticeable result from H. Fan, Y. Li and P. Chen (2013) applied semigroup
theory of operator and fixed point theorem, and obtained the existence of
mild solution in Banach spaces of elastic system with structural damping. In
the equation, nonlinear function f(x, p) is Lipschitz in second variable

(ESSD)

{
utt(t) + ρAut(t) +A2u(t) = f(t, u(t)), 0 < t < T,

u(0) = x0, ut(0) = y0.

H. Fan and F. Gao (2014) discussed Asymptotic behaviour of mild solution
of linear elastic system with structural damping and (ESSD).

From all above, we see that there are many problems need to study in
initial boundary value problem for nonlinear hyperbolic equations in infinite
cylinders with nonsmooth base, in domains with edges and the initial value
problem for the differential equations of the second order in the Banach spaces
with structural damping, an abstract form of the wave equation structural
damping. From this point, we did a futher research on:

• The existence unique of weak solution on [0,+∞) of initial boundary
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value for nonlinear hyperbolic equations of higher order in infinite non-
smooth cylinders.

• The existence unique of weak solution on [0, T ], (0 < T < +∞) of initial
boundary value problem for nonlinear hyperbolic equations of second
order in some domains with edges.

• The existence of decay mild solution with explicit decay rate of expo-
nential type of nonlocal initial value problem for nonlinear second order
differential equation with structural damping in smooth and nonsmooth
domains.

3. Purposes, objects and scope of the thesis

We study the existence, uniqueness of global weak solution in weighted
Sobolev spaces of initial boundary value problem for semilinear hyperbolic
equations in nonsmooth infinite cylinder; Study the existence, uniqueness
and regularity of local weak solution of initial boundary value problem for
nonlinear hyperbolic in a domain with edges, a cone with edges. Further-
more, we study the existence decay mild solution with explicit decay rate of
exponential type of the nonlocal initial value problem with structural damp-
ing on the smooth domain and nonsmooth domain with conical point on the
boundary in R2.

4. Research method of the thesis

• In the thesis, we use Galerkin method, embedded theorems, apply fixed
point principle, passing through linear problem, help of Dirichlet problem
in nonsmooth domains.

• Apply measure of noncompactness, fixed point method for condensing
map.

5. Results of thesis

In the thesis, we obtain following main results:

• The existence, uniqueness of weak solution on [0,+∞) of initial bound-
ary value for semilinear hyperbolic equations higher order in nonsmooth
infinite cylinder.

• The existence, uniqueness and regularity of weak solution on [0, T ] (0 <
T < +∞) in weighted Sobolev spaces of initial boundary value problem
for semilinear hyperbolic equations in a domain with edges and a cone
with edges.
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• The existence of decay mild solution with explicit decay rate of expo-
nential type of semilinear differential equations second order in Banach
spaces with structural damping on nonsmooth and smooth domains in
R2, the values of the nonlinear function in the equation belong to Banach
space including continuous bounded functions.

The results of the thesis is a new, scientific significance, and contribute to the
improvement of the previous results of the initial boundary value problem for
nonlinear hyperbolic equations on a number of specific nonsmooth domains.

6. Structure of the thesis

Besides the introduction, conclusion and list of published works and refer-
ences, the thesis consists of 4 chapters:
Chapter 1: Preliminaries
Chapter 2: The first initial boundary problem for semilinear hyperbolic
equations of higher order in nonsmooth cylinders
Chapter 3: The Dirichlet-Cauchy problem for semilinear hyperbolic in poly-
hedral domain
Chapter 4: The semilinear wave equation with structural damping.
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Chapter 1

PRELIMINARIES

1.1. Spaces of fuctions, weak convergence and Sobolev imbedding theorem

In this Section, some Sobolev spaces are recalled weak convergence and

imbedding theorems for Sobolev spaces.

1.2. Some inequalities

Gagliardo-Nirenberg, Cauchy, Young, Hölder, Gronwall inequalities.

1.3. Some basic knowledge of operator theory

1.4. Some embedded lemmas in the domains with edges, Dirichlet prob-

lem for elliptic equations in the polyhedral domains

The domains with edges and embedded lemmas. Furthermore, we consider

Dirichlet problem for elliptic equations of second order.

1.5. Some embedded lemmas and Dirchlet problems for strong elliptic

systems in a cone with edges

The cone with edges and some embedded lemmas. Embedded lemma cor-

responding to the Dirichlet problem.

1.6. Basic knowledge of semigroup theory of bounded linear operators

In this Section, we recall some basic concepts, properties of semigroup of

bounded linear operators and some important semigroups.

1.7. Basis knowledge of measure of noncompactness and condensing map

The concept of measure of noncompactness, in which, Hausdorff measure

of non-compact and fixed point principle for condensing maps.
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Chapter 2

THE FIRST INITIAL BOUNDARY PROBLEM FOR SEMILINEAR

HYPERBOLIC EQUATIONS IN NONSMOOTH CYLINDERS

2.1. Set up the problem

Suppose Ω ⊂ Rn, n ≥ 2 is bounded domain with nonsmooth boundary

∂Ω. Set Q = Ω × (0,∞), S = ∂Ω × (0,∞). We consider the following

problem:

utt + (−1)mLu+ F (x, t, u,Du, · · · , D2m−2u) = h, (x, t) ∈ Q, (2.3)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω, (2.4)

∂ju

∂νj

∣∣∣
S

= 0, j = 0, 1, · · · ,m− 1, (2.5)

here function h : Q → R is given, nonlinear function F has form F =∑
0≤|α|≤m−1

(−1)|α|DαFα(x, t, u,Du, · · · , Dm−1u), (x, t) ∈ Q, in which there

exists function A = A(x, t, vα, |α| ≤ m−1) such that Fα =
∂A

∂vα
is continuous

on Q and for all t ∈ [0,+∞), x ∈ Ω following conditions satisfied

|Fα(x, t, v0, v1, · · · , vm−1)| ≤ C
(

1 +
∑

|α|≤m−1

|vα|p+1
)
, (2.6)

|Fα(x, t, v0, v1, · · · , vm−1)− Fα(x, t, w0, w1, · · · , wm−1)|

≤ C
∑

|α|≤m−1

(
|vα|p + |wα|p

)
|vα − wα|; (2.7)

∣∣∣∂A
∂t

∣∣∣ ≤ C
(

1 +
∑

|α|≤m−1

|vα|p
)

; (2.8)

A(x, 0, 0, · · · , 0) = 0,

∫
Ω

A(x, t, u,Du, · · · , Dm−1u)dx ≥ 0, (2.9)

for a. e. t ∈ [0,+∞).Where 2
n ≤ p ≤ 2

n−2 if n > 2 and 1 ≤ p < +∞ if n = 2.

Differential operator L of second order 2m determined Q with functionial co-

efficients aαβ ∈ C1(Q), aαβ(x, t) = (−1)|α|+|β|aβα(x, t), |α|, |β| = 0, 1, · · · ,
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m, (x, t) ∈ Q. We suppose that there exists positive constant θ such that

B[u, u; t] = (−1)m
∫
Ω

∑
|α|,|β|≤m

(−1)|α|aαβ(x, t)DαuDβu ≥ θ‖u‖2
H̊m(Ω)

hold for ∀u ∈ H̊m(Ω), ∀ t ≥ 0. Sobolev space Hm,1
∗ (Q) includes all u ∈

L∞(0,∞; H̊m(Ω)), ut ∈ L2(0,∞;L2(Ω)), utt ∈ L2(0,∞;H−m(Ω)),

‖u‖Hm,1
∗ (Q) = ‖u‖L∞(0,∞;H̊m(Ω)) + ‖ut‖L2(0,∞;L2(Ω)) + ‖utt‖L2(0,∞;H−m(Ω))

Definition 2.1. Let h ∈ L2

(
0,∞;L2(Ω)

)
. Then function u ∈ Hm,1

∗ (Q) is

called weak global solution of problem (2.3)-(2.5) iff u(x, 0) = 0, ut(x, 0) =

0, x ∈ Ω and equality

〈utt(t), v〉+B[u(t), v; t] +
∑

0≤|α|≤m−1

(
F (·, t, u,Du, · · · , Dm−1u), Dαv

)
=
(
h(·, t), v

)
(2.10)

hold for all v ∈ H̊m(Ω) and a. e. t ∈ [0,+∞). Instead of t ∈ [0,∞), consid-

ering t ∈ [0, T ] (0 < T < ∞), we call u ∈ Hm,1
∗ (QT ) is local weak solution

of (2.3)-(2.5).

2.2. Existence and uniqueness of local weak solution

Theorem 2.2. Let h ∈ L2

(
0, T ;L2(Ω)

)
. Then problem (2.3)−(2.5) has local

weak solution u ∈ Hm,1
∗ (QT ) such that

‖u‖2
Hm,1
∗ (QT )

≤ C
(
1 + ‖h‖2

L2(0,T ;L2(Ω))

)
, (2.32)

here C is positive constant independent of u an h.

Theorem 2.3. Let h ∈ L2

(
0, T ;L2(Ω)

)
. Then problem (2.3)−(2.5) has

uniqueness local weak solution in Hm,1
∗ (QT ).

2.3. Existence and uniqueness of global weak solution

Theorem 2.4. Let h ∈ L2

(
0,∞;L2(Ω)

)
. Then problem (2.3)−(2.5) has

unique weak global solution in Hm,1
∗ (Q).
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Chapter 3

THE DIRICHLET-CAUCHY PROBLEM FOR NONLINEAR

HYPERBOLIC EQUATIONS IN POLYHEDRAL DOMAINS

3.1. The Dirichlet-Cauchy problem for semilinear hyperbolic equations in

a domain with edges

3.1.1. Introduction

Let Ω be a bounded domain in Rn (n > 2) with the boundary ∂Ω con-
sisting of two surfaces Γ1,Γ2 intersect along a manifold l0. We consider the
following problem:

utt + L(x, t, ∂)u = f(x, t, u,Du) + h(x, t), (x, t) ∈ QT , (3.4)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω (3.5)

u|ST = 0, (3.6)

where L is differential operator of second order, f, h are given functions.

Definition 3.1. A function u(x, t) is called a weak solution of problem
(3.4)−(3.6) on [0, T ] iff u ∈ L2

(
0, T ; H̊1(Ω)

)
, ut ∈ L2

(
0, T ;L2(Ω)

)
, utt ∈

L2

(
0, T ;H−1(Ω)

)
such that u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω and the

equality

〈utt(t), v〉+B[u(t), v; t] =
(
f(·, t, u,Du), v

)
+
(
h(·, t), v

)
hold for all v ∈ H̊1(Ω) and for a.e. t ∈ [0, T ]. Here, B is time-dependent
bilinear form corresponding on L.

3.1.2. The linear problem

a. The existence of solution of the linear problem

If f(x, t, u,Du) ≡ 0 on QT , we have following linear problem:

utt + L(x, t, ∂)u = h(x, t), (x, t) ∈ QT , (3.7)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω (3.8)

u|ST = 0. (3.9)

A function u(x, t) ∈ H1(Ω) is called a weak solution of problem (3.7)−(3.9)
on [0, T ] if u ∈ L̊2(0, T ;H1(Ω)), ut ∈ L2(0, T ;L2(Ω)), utt ∈ L2(0, T ;H−1(Ω)),
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u(x, 0) = ut(x, 0) = 0, x ∈ Ω and the equality

〈utt(t), v〉+B[u(t), v; t] =
(
f(·, t), v

)
(3.10)

hold for all v ∈ H̊1(Ω) and for a.e. t ∈ [0, T ].

Theorem 3.1. Let h ∈ C
(
0, T ;L2(Ω)

)
. Then problem (3.7)−(3.9) has

the unique weak solution u(t) ∈ H̊1(Ω), t ∈ [0, T ] such that

‖u(t)‖2
H̊1(Ω)

+ ‖ut(t)‖2L2(Ω) ≤ C

t∫
0

‖f(s)‖2L2(Ω), ∀t ∈ (0, T ], (3.11)

here C is a positive constant depending only on Ω, T and coefficients of
L.

b. The regularity in time variable of weak solution of the linear probolem

Theorem 3.2. Let k ∈ N, htj ∈ C
(
[0, T ];L2(Ω)

)
, j = 0, 1, · · · , k. Then

problem (3.7)−(3.9) has a weak solution u such that

utj ∈ C
(
0, T ; H̊1(Ω)

)
, j = 0, 1, · · · , k, ∀t ∈ [0, T ], (3.39)

k∑
j=0

‖utj(t)‖2H1(Ω) + ‖utk+1‖2L2(Ω) ≤ C

k∑
j=0

t∫
0

‖htj(s)‖2L2(Ω)ds. (3.40)

A function u belongs to the space H k
a , if u ∈

k⋂
j=0

C(j)
(
0, T ;Hk−j

a (Ω)
)
.

For every u ∈H k
a and for every t ∈ [0, T ], we define following norms

‖u(t)‖2H k
a (Ω) =

k∑
j=0

‖utj(t)‖2Hk−j
a (Ω)

and ‖u‖H k
a

=

k∑
j=0

‖utj‖C
(

[0,T ];Hk−j
a (Ω)

).
Theorem 3.3. Let k ∈ N, k ≥ 2 and suppose that htj ∈ C

(
0, T ;Hk−j

a (Ω)
)
,

0 ≤ j ≤ k − 1, ftj(x, 0) = 0, 0 ≤ j ≤ k − 2 and k + 1− a < π

ω
, a ∈ [0, 1].

Then weak solution u of the problem (3.7)−(3.9) belongs H k
a and

‖u(t)‖2H k
a (Ω) ≤ C

t∫
0

‖h(s)‖2H k−1
a (Ω)ds, t ∈ (0, T ]. (3.56)
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3.1.3. The semilinear problem

Lemma 3.1. Let vi ∈ C(ki)
(
0, T ;H l−ki

a (Ω)
)
, i = 1, · · · ,m, where l, ki are

m + 1 positive integer such that l ≥ n

2
+ a + 1, 0 ≤ k1 ≤ l − 1, ki ≤

l−1−
[n

2

]
, i = 2, · · · ,m. Suppose that n−indices αi (i = 1, · · · ,m) such

that |α1| ≤ l− k1− 1, |αi| ≤ l− ki− 1−
[
n
2

]
, và

m∑
i=1
|αi| ≤ l−

m∑
i=1

ki. Then

‖raDν1v1 · · ·Dνmvm‖L2(Ω) ≤
m∏
i=1

‖vi‖H l−ki
a (Ω)

. (3.67)

The function f(x, t, v1, · · · , vn+1) is of the class C(k),1(QT ×Rn+1) if f ∈
C(k)(QT×Rn+1) and Dαf(x, t, ·) is local Lipschitz function in n+1 variable
v1, · · · , vn+1, for every (x, t) ∈ QT , |α| ≤ k. Let f ∈ C(k),1(QT ×Rn+1) and
for a constant b ≥ 0, we denote

M(b) = max
|α|≤k

sup
(x,t)∈QT

sup
|vi|≤Cb

|Dαf(x, t, v1, · · · , vn+1)|,

where C > 0 is a given constant.

Lemma 3.2. Let k ≥ a +
n

2
, f ∈ C(k),1(QT × Rn+1) and functions

u1, u2 ∈H k+1
a such that inequality

max
t∈[0,T ],i∈{1,2}

‖ui(t)‖H k+1
a
≤ b, (3.69)

here b is a positive constant. Set Fi(x, t) = f(x, t, ui, Dui), i = 1, 2. Then

(i) Fi ∈ H k
a , i = 1, 2 and there exists a positive constant C such that

for every t ∈ (0, T ), following inequality satisfying

‖Fi(t)‖H k
a
≤ CM(b)

(
1 + ‖ui(t)‖kH k+1

a

)
, i = 1, 2; (3.70)

(ii) There exists a constant K(b) > 0 such that for evry t ∈ (0, T ), we
have

‖F1(t)− F2(t)‖H k
a
≤ K(b) ‖u1(t)− u2(t)‖H k+1

a
(3.71)

Theorem 3.4. Let k ≥ a+
n

2
, k+ 1−a < π

ω
, a ∈ [0, 1]. Suppose that h ∈

H k−1
a , f ∈ C(k−1),1(Qτ × Rn+1) such that htj(x, 0) = 0, ftj(x, 0, v, v1) =
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0, 0 ≤ j ≤ k−2. Then problem (3.4)−(3.6) has unique solution u ∈H k
a

and

‖u‖H k
a
≤ C(1 + ‖h‖H k−1), (3.72)

here C is a constant independent of u.

3.2. The Dirichlet-Cauchy problem for semilinear hyperbolic equations in

cone with edges

3.2.1. Introduction

Let K =
{
x ∈ R3 : x

|x| ∈ Ω
}

be a bounded cone in R3 with vertex at the

origin. Suppose that the boundary ∂K consists of the vertex x = 0, the edges
(half-lines) M1, · · · ,Md, and smooth (of class C∞) faces Γ1, · · · ,Γd. This
means that Ω = K ∩ S2 is a domain of polygonal typer on the unit sphere
S2 with sides γk = Γk ∩ S2. Let 0 < T <∞, and KT = K × (0, T ), ∂KT =
d⋃
i=1

Γi × (0, T ).

We consider differential operator L and time-dependent bilinear B on KT
defined as in Subsection 3.1.1. We consider following problem

utt(x, t) + L(x, t, ∂)u = f(x, t, u) + h(x, t), (x, t) ∈ KT , (3.79)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ K (3.80)

u|∂KT = 0, (3.81)

here f and h are given functions.

Definition 3.2. A function u(x, t) is called weak solution of problem
(3.79)−(3.81) on [0, T ], if u ∈ L2

(
0, T ; H̊1(K)

)
, ut ∈ L2

(
0, T ;L2(K)

)
, utt ∈

L2

(
0, T ;H−1(K)

)
such that u(x, 0) = ut(x, 0) = 0, ∀x ∈ K and equality(

utt(t), v
)

+B
[
u, v; t

]
=
(
f(t, u(t)), v

)
+
(
h(t), v

)
, (3.82)

hold for every v ∈ H̊1(K) and a.e. t ∈ [0, T ].

3.2.2. The linear problem

a. The existence, uniqueness of weak solution of the linear problem

If f(x, t, u) ≡ 0 on KP , we have following problem:

utt(x, t) + L(x, t, ∂)u = h(x, t), (x, t) ∈ KT , (3.83)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ K (3.84)

u|KT = 0. (3.85)
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A function u(x, t) is called weak solution of problem (3.83)−(3.85) on [0, T ]

if u ∈ L2

(
0, T ;H1(K)

)
, ut ∈ L2

(
0, T ;L2(K)

)
, utt ∈ L2

(
0, T ;H−1(K)

)
such

that u(x, 0) = 0, ut(x, 0) = 0 and equality

〈utt(t), v〉+B[u(t), v; t] =
(
h(t), v

)
(3.86)

hold for all v ∈ H̊1(K) and for a.e. t ∈ [0, T ].

Theorem 3.5. For any h ∈ C
(
0, T ;L2(K)

)
and suppose the coefficients

of operator L satisfy

sup
1≤i,j≤n

{|aij(x, t)|, |bi(x, t)|, |c(x, t)| : (x, t) ∈ KT} ≤ µ, µ = const.

Then problem (3.83)−(3.85) has unique weak solution u(t), t ∈ [0, T ]

such that

‖u(t)‖2
H̊1(K)

+ ‖ut(t)‖2L2(K) ≤ C

t∫
0

‖h(s)‖2L2(K)ds, ∀t ∈ (0, T ], (3.87)

here C is a positive constant only dependent on K, T and coefficient of
operator L.

b. The regularity of local weak solution in time valuable of the linear prob-

lem

The following assumptions are used

(T1) Suppose that there exists constant µ > 0 such that

sup
1≤i,j≤n

{|aijts(x, t)|, |bits(x, t)|, |cts(x, t)| : (x, t) ∈ KT , s = 0, 1, 2} ≤ µ.

(T2) Suppose β ∈ R, δ = (δ1, · · · , δd) ∈ Rd such that

β, δk ∈ [0, 1], k = 1, · · · , d.

(T3) Suppose that the closed strip between the lines λ = −1

2
and λ =

1

2
− β

is free of eigenvalues of the pencil U(λ, t), t ∈ [0, T ], and

−δ(k)
+ < δk − 1 < δ

(k)
− , k = 1, · · · , d.
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Theorem 3.6. Let m ∈ N, htk ∈ C
(
[0, T ];L2(K)

)
, k = 0, 1, · · · ,m and

the hypothesis (T1) satisfies. Then problem (3.83)−(3.85) has weak so-
lution u(t), t ∈ [0, T ] such that

utk ∈ C
(
0, T ; H̊1(K)

)
, k = 0, 1, ·,m, ∀t ∈ [0, T ], (3.88)

m∑
k=0

‖utk(t)‖2H̊1(K)
+ ‖utm+1‖2L2(K) ≤ C

m∑
k=0

t∫
0

‖ftk(s)‖2L2(K)ds. (3.89)

We say that a function u belongs space H l
β,δ if

u ∈
l⋂

j=0

C(j)
(
0, T ;V l−j

β,δ (K).

For every u ∈H l
β,δ and for any t ∈ [0, T ]. We define following norms

‖u(t)‖2l,β,δ =

l∑
j=0

‖utj(t)‖2V l−j
β,δ (K)

và ‖u‖H l
β,δ

=

k∑
j=0

‖utj‖C(0,T ;V l−j
β,δ (K)).

Theorem 3.7. Suppose (T1), (T2), (T3) and following conditions are
satisfied

(i) htk ∈ V 0
β,δ(KT ), k = 0, 1, 2.

(ii) h(x, 0) = 0.

Let u(t) ∈ H̊1(K), t ∈ [0, T ] is weak solution of problem (3.83)−(3.85).
Then u ∈H 2

β,δ and

‖u(t)‖22,β,δ ≤ C

t∫
0

‖h(s)‖21,β,δds, t ∈ [0, T ]. (3.90)

3.2.3. The semilinear problem

For a function f : R3 × [0,+∞) × R → R, (x, t, p) 7→ f(x, t, p), we
denote

ft(x, t, p) =
∂f

∂t
(x, t, p); fx(x, t, p) =

∂f

∂x
(x, t, p); fp(x, t, p) =

∂f

∂p
(x, t, p).
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For a constant α ∈ [0, 2], we say that function f(x, t, u) satisfies condition
(F) if the following conditions are satisfied

|fx(x, t, p)| ≤ C|p|α+1; (3.100)

|ft(x, t, p)| ≤ C|p|α+1; (3.101)

|fp(x, t, p)| ≤ C(1 + |p|α); (3.102)

|f(x, t, p)− f(x, t, q)| ≤ C(|p|α + |q|α)|p− q|; (3.103)

|fx(x, t, p)− fx(x, t, q)| ≤ C(|p|α + |q|α)|p− q|; (3.104)

|ft(x, t, p)− ft(x, t, q)| ≤ C(|p|α + |q|α)|p− q|; (3.105)

|fp(x, t, p)− fp(x, t, q)| ≤ C(|p|α−1 + |q|α−1)|p− q|. (3.106)

Lemma 3.3. Let α ∈ [0, 2]. Suppose that (T2), (F) are satisfied and
f(x, 0, 0) = 0. Then for ∀u1, u2 ∈H 2

β,δ such that

max
t∈[0,T ]i∈{1,2}

‖ui(t)‖H 2
β,δ
≤ R.

Set Fi(t) = f(x, t, ui(t)) (i = 1, 2), we have

(a) Fi ∈ H 1
β,δ, i = 1, 2 and there exists a constant C > 0 independent

of u1, u2 such that for any t ∈ [0, T ], we have

‖Fi(t)‖21,β,δ ≤ C
(
‖ui(t)‖2V 2

β,δ(K) + ‖ui(t)‖
2(α+1)
V 2
β,δ(K)

)
, i = 1, 2. (3.108)

(b) There exists a constant CR > 0 dependent of R such that for every
t ∈ [0, T ], we have

‖F1(t)− F2(t)‖1,β,δ ≤ CR‖u1(t)− u2(t)‖2,β,δ. (3.109)

Theorem 3.8. Let α ∈ [0, 2]. Suppose that (T1), (T2), (T3), (F) are sat-
isfied and

h ∈ L2(0, T ; H 1
β,δ), htk ∈ V

0
β,δ(KT ), k = 0, 1, 2; f(x, 0, 0) = 0, h(x, 0) = 0.

Then problem (3.79)−(3.81) has unique weak solution u ∈ H 2
β,δ on

[0, τ ], 0 < τ ≤ T and

‖u‖H 2
β,δ
≤ C

(
1 + ‖h‖2L2(0,T ;H 1

β,δ)

)
, (3.127)

here C is positive constant independent of u.

Lemma 3.4. Let g : [0,+∞) → [0,+∞) be a nondecreasing function
and there exists ε > 0 such that

g|[0,ε] ∈ C1([0, ε]), g(0) = g′(0) = 0.
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Then there exist 0 < ε1 < ε2, dependent on chosen b > 0 and ε1 is unique
satisfying

b+Mg(x) > x, với 0 ≤ x < ε1, (3.133)

b+Mg(x) < x, với ε1 < x < ε2. (3.134)

for b is sufficiently small (depending on g).

Theorem 3.9. Let the assumptions in Theorem 3.8 hold. Then problem
(3.79)−(3.81) has unique weak solution u ∈H 2

β,δ on [0, T ] and

‖u(t)‖2,β,δ ≤ C
(
1 + ‖h‖2L2(0,T ;H 1

β,δ)

)
,

where C is a positive constant independent of u.
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Chapter 4

THE SEMILINEAR WAVE EAQUATION

WITH TRUCTURAL DAMPING

4.1. Introduction

Let (X, ‖·‖) be a Banach space, we consider the following semi-linear wave

problem with structural damping involving non-local conditions

utt(t) + ρAut(t) +A2u(t) = f(t, u(t)), t > 0 (4.8)

u(0) + g(u) = x0, ut(0) + h(u) = y0, (4.9)

where A : D(A) ⊂ X −→ X is a closed linear operator, ρ ≥ 2 is given

constant, x0 ∈ D(A), y0 ∈ X and g, h, f are given fuctions.

Definition 4.1. A function u ∈ C([0, T ];X) is said to be a mild solution of

problem (4.8)−(4.9) on [0, T ] if

u(t) = S2(t)
(
x0 − g(u)

)
+

t∫
0

S2(t− s)S1(s)v0ds

+

t∫
0

s∫
0

S2(t− s)S1(s− τ)f
(
τ, u(τ)

)
dτds, (4.16)

for any t ∈ [0, T ], where v0 = y0 − h(u) + σ2A
(
x0 − g(u)

)
.

4.2. The existence mild solution of the problem

(A) The operator−A generates a norm continuous C0−semigroup {T (t)}t≥0

on Banach space X.

(G) Function g : C
(
[0, T ];X

)
−→ D(A) obeys the following conditions:

(i) g is continuous, and

‖g(u)‖D(A) ≤ θg(‖u‖C), ∀u ∈ C([0, T ];X), (4.17)

for all u ∈ C([0, T ];X), where θg : R→ R is a position nondecreas-

ing.



19

(ii) There exist non-negative constants ηg, ξg such that

χ(g(Ω)) ≤ ηg χT (Ω), , (4.18)

χ(Ag(Ω)) ≤ ξg χT (Ω), (4.19)

for all bounded set Ω ⊂ C([0, T ];X).

(H) The Fuction h : C([0, T ];X) −→ X satisfies following conditions:

(i) There exist a nondecreasing function θh : R+ → R+ such that

‖h(u)‖X ≤ θh(‖u‖C), ∀u ∈ C([0, T ];X), (4.20)

(ii) There exists a non-negative ηh such that

χ
(
h(Ω)

)
≤ ηh χT (Ω), (4.21)

for all bounded set Ω ⊂ C([0, T ];X).

(F) Nonlinear function f : R+ ×X −→ X satisfies

(i) The nonlinear function f
(
·, v
)
is measurable for each v ∈ X, f(t, ·)

is continuous for a. e. t ∈ [0, T ] and

‖f
(
t, v
)
‖X ≤ m(t)θf(‖v‖X), (4.22)

for all v ∈ X, t ∈ [0, T ], where m ∈ L1([0, T ]), θf : R+ → R+ is

continuous and nondecreasing function.

(ii) If the semigroup {T (t)}t≥0 is noncompact, there exists function ηf :

R+ −→ R+ such that ηf ∈ L1(0, T ) and

χ
(
f(t,Ω)

)
≤ ηf(t)χT (Ω), (4.23)

for all bounded set Ω ⊂ X.

Set

S1(t) = T (σ1t), S2(t) = T (σ2t), σ1 + σ2 = ρ, σ1σ2 = 1, 0 < σ1 < σ2.

We denote BR = {u ∈ C := C([0, T ];X) : ‖u‖C ≤ R}, where R > 0 is

given. We see that BR is bounded convex closed subset in C([0, T ];X). We
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define solution operator F : BR → C by

F (u)(t) = S2(t)(x0 − g(u)) +

t∫
0

S2(t− s)S1(s)v0ds

+

t∫
0

s∫
0

S2(t− s)S1(s− τ)f
(
τ, u(τ)

)
dτds, (4.24)

for every u ∈ BR and for each t ∈ [0, T ]. Set

M = sup
t∈[0,T ]

‖S2(t)‖L(X),ΛT = sup
t∈[0,T ]

t∫
0

‖S2(t− s)S1(s)‖L(X)ds,

ΓT = sup
t∈[0,T ]

t∫
0

s∫
0

‖S2(t− s)S1(s− τ)‖L(X)m(τ)dτds.

ΘT =


0, if the semigroup {T (t)}t≥0 is compact,

sup
t∈[0,T ]

t∫
0

s∫
0

‖S2(t− s)S1(s− τ)‖L(X)ηf(τ)dτds, otherwise.

Lemma 4.1. Let (A), (G), (H), (F) hold. If

lim inf
n→∞

1

n

[
Mθg(n) + (θh(n) + σ2θg(n))ΛT + θf(n)ΥT

]
< 1 (4.25)

then there exists R > 0 such that F (BR) ⊂ BR.

Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Then

χT
(
F (D)

)
≤
[
Mηg + 4

(
ηh + σ2ξg)ΛT + 8ΘT

]
χT (D), (4.31)

for all bounded sets D ⊂ BR.

Theorem 4.1. Let the assumptions of Lemma 4.2 hold. Then problem (4.8)-

(4.9) has at least one mild solution on [0, T ] provided that

l := Mηg + 4(ηh + σ2ξg)|ΛT + 8ΘT < 1. (4.41)

4.3. The existence of decay mild solution of the problem

In this section, we consider solution operator F on the following set:

BCγ
R(β) = BR ∩

{
v ∈ BC(R+;X) : sup

t∈R+

eγt‖v(t)‖X ≤ β
}
,
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wher BR is the closed ball in BC(R+;X) centered at origin with radius R; β

và γ are positive numbers which chosen later. This is a bounded convex closed

subset. On BCγ
R(β) we make use of MNC χ∗. We will prove that F keeps

BCγ
R(β). To this end, we have to replace (A), (G), (H) and (F) by stronger

ones:

(A∗) Operator −A is the infinitesimal generator of a norm-continuous C0−
semigroup {T (t)}t≥0 such that

‖T (t)‖L(X) ≤ Ce−δt, t ≥ 0,

where C, δ are positive constants.

(G∗) The assumption (G) is satisfied with any T > 0.

(H∗) The assumption (H) is satisfied with any T > 0.

(F ∗) The assumption (F) is satisfied with θf(r) = r, ηf ∈ L∞(R+) and

m ∈ L1
loc(R+) such that

K = sup
s≥0

s∫
0

e−(δσ1−γ)(s−τ)m(τ)dτ < +∞.

Set

M∞ = sup
t∈R+

‖S2(t)‖L(X),Λ∞ = sup
t∈R+

t∫
0

‖S2(t− s)S1(s)‖L(X)ds,

Γ∞ = sup
t∈R+

t∫
0

s∫
0

‖S2(t− s)S1(s− τ)‖L(X)m(τ)dτds.

Θ∞ =


0, if the semigroup {T (t)}t≥0 is compact,

sup
t∈R+

t∫
0

s∫
0

‖S2(t− s)S1(s− τ)‖L(X)ηf(τ)dτds, otherwise.

In what follows, let γ ∈ (0, δσ1] be fixed.

Lemma 4.3. Let (A∗), (G∗), (H∗), (F∗) hold. If

lim inf
n→∞

1

n

[
M∞θg(n) +

(
θh(n) + σ2θg(n)

)
Λ∞
]

+ Γ∞ < 1, (4.42)

and
KC2

δσ2 − γ
< 1, (4.43)

then there exists positive numbers R, β such that F
(
BCγ

R(β)
)
⊂ BCγ

R(β).
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Lemma 4.4. Let (A∗), (G∗), (H∗), (F∗) hold. Then we have

χ∗
(
F (D)

)
≤
[
M∞ηg + 4

(
ηh + σ2ξg

)
Λ∞ + 8Θ∞

]
χ∗(D), (4.51)

for all bounded sets D ⊂ BCγ
R(β).

Theorem 4.2. If the assumptions of Lemma 4.3 are satisfied and the in-

equality

l∞ := M∞ηg + 4
(
ηh + σ2ξg)Λ∞

)
+ 8Θ∞ < 1. (4.59)

takes place, then the problem (4.8), (4.9) has at least one mild solution on

R+ such that eγt‖u(t)‖X = O(1) as t→ +∞.
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CONCLUSION

1. Results of the thesis

• The existence and uniqueness of weak solution on [0,+∞) of the ini-

tial boundary value problem for nonlinear hyperbolic equations of higher

order in nonsmooth cylinders. The equation of the problem contains non-

linear function F (x, t, u,Du, · · · , D2m−2u).

• The existence, uniqueness and asymptotic behaviour on [0, T ] (0 < T <

+∞) in time variable in the weighted Sobelev spaces of Dirichlet-Cauchy

problem for semilinear hyperbolic equation of second order in domains

with edge, cone with edges.

• The existence of decay mild solution with explicit decay rate of exponen-

tial type of semilinear wave equations with structural damping involving

nonlocal conditions in smooth domains and domain with cone point on

the boundary in R2, the equation of the problem contains for class of

nonlinear functions which them value belong Banach space of bounded

linear functions.

2. Recommemdation

From the results obtained in the thesis, we found that there are following

some issues which need to study:

• Asymptotic behavior of solutions of Dirichlet-Cauchy problem for non-

linear hyperbolic equations in a domain with edges.

• Existence, uniqueness, regularity and asymptotic behavior of solution.

Dirichlet-Cauchy problem for nonlinear hyperbolic equations in polyhe-

dral domain

• Existence of decay mild solutions of wave equations with structural damp-

ing involving infinite delays and nonlocal conditions.
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