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MOT SO Ki HIEU THUONG DUNG TRONG LUAN AN

Chtng to6i stt dung cac ky hieu N 1a tap cac sd tu nhién, R 1a tap so

thye. V6i moi © = (zq,- -+ ,x,) € R” va da chi s6 a = (ay, -+, ) € N7,
n
ta ky hieu 2% =z -+ -2 va |a| = > a;, al = aqlag! -+ - ay!.
i=1
V6i da chi 86 o = (o, -+, @) € N, ta ky hidu

D= DY =D& Dn, 9% = = 9 O,

0% u Q a! .
Thém ntta, ta ky hiéu upw = —— va = . Cac mien va
YO (5) Bl(a — B)!

khong gian cac ham duge ky hiéu nhu sau:

e () ky hi¢u mién (md lién thong) bi chan trong R™ véi bien 0f).
e ) kv hieu hop ciia Q va 99.

e ()7 ky hiéu tich Descartes cua €2 va (0,7T), v6i 0 < T < oc.

e S ky hiéu tich Descartes ctia 92 va (0,7), v6i 0 < T < 0.

e K k¥ hiéu nén trong R? véi dinh tai gbe 0 v6i bien OK.

e Cp ky hiéu tich Descartes ctia non IC véi (0, 7).

d
e OKCr ky hiéu tich Descartes cua (J I'; véi (0,T), trong d6 I'; 1a céac
i=1
mat nhdn ctia nén K.
e O*(Q) ky hiéu khong gian cac ham c6 dao ham lién tuc dén cap k
trong €2, 0 < k < o0.

e CK(Q) ky hiéu khong gian cac ham kha vi cip k c6 gia compact trong
, 0<k<o0.
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e L,(9) ky hiéu khong gian Banach gom tat ca cac ham kha tong cap
p, 1 < p < oo theo nghia Lebesgue trong €.

e [.(92) ky hiéu khong gian Banach gom tat ca cdc ham do duge va bi
chan hau khap noi trén Q.

e 7,(0,T; X) ky hicu khong gian tat ca cac ham kha tong tir [0, 7] vao
khong gian Banach X vé6i 1 < p < oo.

e L..(0,7; X) ky hieu khong gian cac ham u xac dinh trén [0, T] c6 gia
tri trong X dong thoi véi mdi ¢, u(t) do duge va bi chin hau khap noi
tren X.

o H*(Q) ky hicu khong gian Hilbert bao gdm tat ca ham kha tong dia
phuong u trén €2 sao cho D% ton tai thuoc L, ().

o H*() k¢ hieu khong gian Hilbert bao gdm céc ham u € H*() sao
cho D% = 0 trén 02 v6i tat ca |a] < k — 1.

o H*(Q) k¢ hieu khong gian déi ngau ctia H*().

e H'(€2) ky hi¢u khong gian Sobolev c¢6 trong v € R gom cdc ham
v € D'(Q2)— khong gian C§°(£2) duge trang bi td pdé compact sao cho
ritlel=mpey € Ly(Q), |a| < m,r = |z.

e VI?(Q) ky hic¢u khong gian Sobolev c6 trong a € R, 1a bao déng ciia
C5e(Q\ lp), 6 d6 € 1a mién v6i bien 9 gom hai siéu phang I'1, 'y ¢6
giao 1a da tap [y v 1 < p < oo, HL(Q) = V2(Q).

o V;5(K) ky hieu bao déng clia Cg°(K\ S), S = {0} UM, - -- U Mg, véi
BER,§ = (0, -+ ,05) € RY, M; 1a cac canh ciia nén K.



MG DAU

1. Lich st van de va li do chon dé tai

Céac bai toan bién tuyén tinh déi véi phuong trinh, hé phuong trinh
dao ham riéng trong cac mién vé6i bién tron [3] da dude cac nha toan hoc
nghién cttu kha hoan thién § nita dau thé ky XX. Cac bai toan bién loai
dimg trong cidc mién tron da dugc nghién citu nhd phép phan hoach don
vi dé duwa bai toan dang xét vé bai toan trong toan khéng gian va nia
khong gian [19, 24, 27]. Céac bai toan bién khong ding trong cac hinh tru
v6i day 1a mién c6 bién tron duge nghién ctu nho phép bién doi Laplace
hosic phép bién doi Fourier dé dua vé bai todn ding véi tham bién trong

mién tron.

T gitta thé ky XX, bai toan bién tong quat déi véi phuong trinh elliptic
trong mién vé6i bien ky di da dude nghién ctu, cac két qua quan trong ve
tinh dat dang cua bai toan cting nhu tinh tron va tiém cén ctia nghiém
trong mién véi cac diem nén trén bién da nhan duge [49, 50]. Nha khoa hoc
V.A Kondratiev da giai quyét duge mot so6 van dé mang tinh nguyen i deé
khac phuc diém ki di kiéu nén ctia bai toan bién téng quét déi véi phuong
trinh elliptic. Tiép theo, mot s6 nha toan hoc khac da dua trén cac phuong
phap ctia V.A.Kondratiev dé nghién citu cac bai toan bién déi véi cac he
diing trong cac mién véi cac diém ky di trén bien [15, 25, 26, 51, 47, 52, 53].
Bai toan bién tong quat ddi v6i phuong trinh elliptic trong mién da dién
da duge V. Maz’ya, J. Rossomann nghién citu vé tinh giai dugc trong cac
khong gian Lo Sobolev ¢6 trong, khong gian Holder c6 trong trong cac
mién nhi dién, mién nén c6 canh, mién kieu da dién [60], nhing két qua
can ban clia toan ti pencil da dude 4p dung trong viéc khang dinh tinh
giai duge ctia bai toan. Nhitng két qua dat dudc ctia bai toan bién tong
quat déi véi phuong trinh elliptic trong cdc mién cé diem nén, mién coé

diem lui, mién c6 canh, mien kiéu da giac... la co s quan trong cho cac
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két qud nghién citu vé cac bai toan bién doéi v6i phuong trinh, hé phuong
trinh khong ding.

Cho dén nhitng nam ctia thap nién 90 cua thé ky XX, bdi cac phuong
phéap nhu 1a phép bién doi Fourier, phép bién déi Laplace... chua di manh
dé gitp ching ta khang dinh nhitng két qua quan trong clia cic bai toan
khong ditng trong cac mién khong tron. Cudi thé ky XX, nhd phuong
phap cat thiét dieén, bai toan khong ding da dudc xét trén mot thiét dien
nhu la mot bai toan dung [31, 32, 34, 38, 39, 40, 35, 36, 43, 44, 57]. V6i
phuong phap nay, bai toan khong dimg véi hé sé6 phu thuoc thoi gian da
duge khao séat, the hien & tinh dat ding ctia bai toan khong ding trong
mién bat ky va biéu dién tiém can ctia nghiém gan diém noén trén bién
trong [32]. Trong cuing khoang thai gian nay, cic két qua ve tinh gidi dugc,
tinh tron ctia nghiém suy rong theo bién thoi gian déi véi bai toan bién
ban dau tht nhat, thit hai trong cac tru véi day 14 mién véi bien bat ky
da dugc xac dinh. Dac biét, tinh tron cia nghiém theo bién khong gian
clia bai toan bién ddi véi hé phuong trinh hyperbolic trong cac tru véi
day 134 mién chita diém nén, diem géc da khang dinh trong [31]. Bicu dién
tiém can ctia nghiém gan diem noén ctia bai toan bién tong quat déi véi he
hyperbolic trong tru véi day 1a mién chita diem nén ciing da nhan dugc
sau d6. Nhin lai, cac két qua dat dugc ctia cac bai toan khong dimg méi
chi xét trong cac tru hitu han c6 day 1a mién khong tron. Cac két qua nhan
duoc sau d6 déi v6i phuong trinh khong ding parabolic, trong cic cong
trinh [38, 40, 39, 35, 57] bai toan khong diing parabolic dugc xét trong cac
tru vo han véi bien khong tron va da thu duge tinh dat dang, bieu dién
tiem can ctia nghiém khi bién thoi gian tién ra vo cung. Tinh chinh quy
clia nghiém ciia bai toan bién tong quéat trong tru vé han véi day chia
diém nén duge dua ra trong [36] va cia bai toan bién ban dau ddi véi he
khong dimmg parabolic cap hai trong tru hitu han véi day 1a da giac dudc
dé cap trong [57].

Véi nhitng két qud quan trong cuia bai toan gia tri bién ban dau doi
v6i phuong trinh elliptic ciia cac nha khoa hoc V. A. Kondratiev, V. G.
Maz’ya va B. A. Plamenevskii dat dugc trong cadc mién tru khong tron
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khac nhau nhu mién véi day chita diém nén, mién véi day la da gidc, mién
véi day chita diém lui, diém dinh..., da c6 mot s6 cong trinh trong nude cia
Nguyén Manh Hung cliing cac cong su dat dudc vé tinh duy nhat nghiém,
tinh chinh quy, biéu dién tiém can nghiém gan diém ky di (diém nén, diém
I, diem dinh). Dac biét, bang phuong phap xap xi Galerkin, tinh tron
ctia nghiém suy rong theo bién thoi gian da nhan dugc tit bai toan gia
tri bien ban dau tht nhat déi véi phuong trinh hyperbolic bac cao trong
tru vo han véi bien bat ky [33]. Cung phuong phap nay, trong [46], su
ton tai duy nhat ctia nghiém suy rong ctia bai toan hén hop thit nhat déi
v6i phuong trinh hyperbolic cap cao trong tru khong tron vo han da duogc
khang dinh. Khi xét dén bai toan gia tri bién ban dau déi v6i phuong trinh
hyperbolic bac cao trong cidc mién v6i diém noén [37], bang phuong phap
xap xi Galerkin, Nguyén Manh Hung cing cong su da thu dugc cac két
qud vé tinh gidi dugc duy nhat, tinh chinh quy ctia nghiém trong khong
gian Sobolev, biéu dién tiém can ctia nghiém gan diém nén. Béi viec ap
dung phuong phap xap xi bién, Nguyén Manh Hung, Vii Trong Ludng da
thu duge tinh gidi duge duy nhat, tinh tron clia nghiém theo bién thoi gian
clia bai toan gia tri bién ban dau déi v6i cac hé phuong trinh hyperbolic
cap cao trong tru véi day 1a mién chia diem dinh [41], tinh chinh quy ctia
nghiém clia bai toan gia tri bien ban dau doéi v6i phuong trinh hyperbolic

cap cao trong hinh tru véi day chita diém lui trén bien [42] da thu dugc.

Phuong trinh truyén séng phi tuyén véi cau tric tat dan trén mién tron
bat kv ma trong dé c6 hé dan hoi véi cau tric tat dan da duge nhiéu nha
toan hoc trong vd ngodi nudc quan tam, nghién citu trong khoang bon
thap ki tré lai day. Nam 1982, G. Chen va D. L. Russell [11] da nghién
cttu ve toan tu dan hoi va toan ti tat dan va da dat dudc mot sd két qua
ve hé thic lien hé gitta cac toan tit dan hoi va toan tit tat dan. Nam 1998,
Huang [30] da phat trién bai todn, & d6 c6 sit thay thé toan ti dan hoi.
Nam 2013, cdc nha toan hoc Fan, Li va Chen [22] da thu dugc sy ton tai
clia nghiém mém trong cic khong gian Banach vdi hing s6 tat dan p > 2
va ham phi tuyén f 14 ham Lipschitz theo bién thit hai. Nam 2014, tinh
giai tich va tinh én dinh mii ctia ntta nhém sinh béi hé dan hoi véi cau tric

tat dan da dugc Fan va Ly nghién citu trong cong trinh [23]. Cuing nam
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nay, trong [21] Fan va Gao da dat dugce cac két qua vé biéu dién tiém can

cua nghiém cua hé dan hoi véi cau tric tat dan trong khong gian Banach.

Tru6éc nhing két qua dat duce ddi véi bai toan bién ban dau doéi véi
phuong trinh hyperbolic trong cac mién tru khong tron, dat ra van dé néu
bé sung hang t& nhiéu phi tuyén vao phuong trinh hyperbolic ntta tuyén
tinh xét trong tru khong tron vo han thi tinh giai dugc cua bai toan nhu
thé nao. Thay vi mién véi diem nén, diem lui, diem goc... la mién cé canh
thi tinh gidi dugc, tinh chinh quy ctia nghiém theo bién thoi gian cua bai
toan bién ban dau doéi véi phuong trinh hyperbolic cap hai phi tuyén dudgc
thée hién ra sao. Nhin nhan vé phuong phap, cach tiép can giai quyét bai
toan bién ban dau doéi v6i phuong trinh hyperbolic trong mién c¢6 canh c6
giébng nhu cach tiép can ctia ciing bai toan trong mién c6 diem lui, diem
nén, diem dinh khong. Thém nita, trong qué trinh nghién ctu vé hé dan
hoi dbi véi cAu truc tat dan, ching toi nhan thay rang cac két qua dat
dugc vé sy ton tai, tinh phan rad cta nghiém mém cta bai todn mdi chi
dat duoc ddi véi 16p ham phi tuyén cé tinh chat Lipschitz, cac toan ti
trong phuong trinh xét trén mién tron. T nhitng van dé néu trén, ching
toi quyét dinh nghién citu bai toan bién doéi v6i mot sé 16p phuong trinh
truyen soéng trong mién khong tron. Trong d6 chung toi nghién citu su ton
tal nghiém yéu toan cuc, nghiém yéu dia phuong ctia bai toan bién ban
dau doi v6i phuong trinh hyperbolic nita tuyén tinh trong cac tru khong
tron, trong cac mién da dién. Hon nita, chiing t6i nghién cttu nghiém mém
phan ra theo toc do mii cia bai toan gia tri ban dau khong dia phuong déi
v6i phuong trinh vi phan cap hai nita tuyén tinh trong khong gian Banach

v6i cau tric tat dan trén mién tron va khong tron.
2. Muc dich, d6i twong va pham vi nghién citu

Chung toi nghién ctu sy ton tai, tinh duy nhat cia nghiém yéu trén
[0, 00) trong céc khong gian Sobolev ¢6 trong ctia bai toan bién ban dau
d6i véi cac phuong trinh hyperbolic nita tuyén tinh cap cao trong cac tru
khong tron; nghién ctu su ton tai duy nhat va tinh chinh quy theo bién
thoi gian ctia nghiém yéu trén [0, 7] ctia bai toan bién ban dau doi véi

phuong trinh hyperbolic nita tuyén tinh cap hai trong cac mién cé canh,
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mién nén c¢6 canh. Thém nita, chung toi nghién cttu sy ton tai, tinh phan ra
toc do theo cap mii clia nghiém mém ciia bai toan gia tri ban dau khong
dia phuong déi véi phuong trinh vi phan cap hai nita tuyén tinh trong
khong gian Banach véi cAu tric tat dan trén mién tron va khong tron,
thanh phan phi tuyén trong phuong trinh dudc xét dén thuoc 16p ham c6

gia tri trong khong gian Banach lién tuc bi chan.
3. Phuong phap nghién ciu

e Trong luan an, ching toi stt dung phuong phap xap xi Galerkin va cac
dinh 1y nhung trong cic khong gian Sobolev chiing minh sy ton tai duy
nhat ctia nghiém yéu trén [0,7] (0 < T' < 00), stt dung phuong phap
thac trién nghiém chiing minh sy ton tai nghiém yéu trén [0, 0o) clia
cic bai toan bién ban dau doéi véi phuong trinh hyperbolic nita tuyén
tinh bac cao. Thém nita, chuyén qua bai toan tuyén tinh, ap dung
phuong phap diem bat dong, ching t6i khang dinh su ton tai duy
nhat nghiém yéu trén [0,7] (0 < T < oo) trong khong gian Sobolev
c6 trong ciia bai toan bién ban dau dbi véi phuong trinh hyperbolic
nita tuyén tinh cap hai trong mién c6 canh, mién nén c6 canh. Stt dung
phuong phap chuyén qua bai toan bién ban dau déi véi he khong ding
vé bai toan elliptic chita tham s, 4p dung két qua doéi véi bai toan
bién elliptic trén mién da dién nghién citu tinh chinh quy ciia nghiém
yéu clia bai toan nay.

e Ap dung cic két qua ctia 1y thuyét nita nhom, do do khong compact,
phuong phéap diém bat dong déi véi anh xa nén, ching t6i khang dinh
sy ton tai nghiém mém phan ra tdc do theo cap mi clia phuong trinh
truyen séong nia tuyén tinh véi cau tric tat dan cung diéu kién ban
dau khong dia phuong.

4. Két qua ctia luan an
Luan an dat dugc nhitng két qué chinh sau day:

e Sy ton tai duy nhat nghiém yéu trén [0,00) ctia bai todn bién ban
dau ddéi véi phuong trinh hyperbolic nita tuyén tinh cap cao trong tru
khong tron.
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e Sy ton tai duy nhat va tinh chinh quy ctia nghiém yéu trén doan [0, 7]
trong khong gian Sobolev cé trong ctia bai toan bién ban dau doéi véi
phuong trinh hyperbolic ntta tuyén tinh cap hai trong mién c6 canh
va non co6 canh.

e Su ton tai va tinh phan ra theo téc do mi cia nghiém mém cta bai
toan gia tri ban dau khong dia phuong déi véi phuong trinh vi phan
cap hai ntta tuyén tinh trong khong gian Banach v6i cau tric tat dan
trén mien tron vd khong tron, thanh phan phi tuyén trong phuong
trinh dugc xét dén thuoc 16p ham c6 gia tri trong khong gian Banach

lién tuc bi chan.

Cac két qua ctia luan an 1&4 méi, c6 ¥ nghia khoa hoc, va gép phan vao
viéc hoan thién cac két qua thu dugc truée dé clia bai toan bién dbi véi

phuong trinh truyén séng trén mot sé6 mién khong tron.

Cac két qua chinh da dugc cong bd trong 03 bai bao trén cac tap chi
khoa hoc quoc té uy tin (c6 01 bai béo trong danh muc ISI) va da dugc
bao cao tai:

e Dai hoi Toan hoc toan quéc lan thit VIII, Nha Trang, 08/2013;

e Hoi thao khoa hoc “Toan hoc gidi tich va ting dung”, Dai hoc Hong
Dic, 26-28/5/2016;

e Semina cta Bo mon Giai tich, Khoa Toan-Tin, Truong Dai hoc Su
pham Ha Noi.

5. Cau trac cua luan an

Luan 4n gom 4 chuong:
Chuong 1: Mot s6 kién thitc chuan bi

Chuong 2: Bai toan bién ban dau doéi véi phuong trinh hyperbolic nita
tuyén tinh trong cac tru khong tron

Chuong 3: Bai toan Dirichlet-Cauchy déi véi phuong trinh hyperbolic

ntta tuyén tinh trong cac mién da dién

Chuong 4: Phuong trinh truyén séng nita tuyén tinh véi cau tric tat dan.
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Chuong 1

MOT SO KIEN THUC CHUAN BI

Trong chuong nay, ching t6i nhac lai mot s6 khong gian ham; kién thiic
can ban vé 1y thuyét toan ti tuyén tinh; mot s6 bat dang thic sé dugc
st dung trong chiing minh cac b6 dé, dinh 1y; bai toan Dirichlet déi véi
phuong trinh elliptic manh trong mién da dién; bai toan Dirichlet déi véi
he elliptic manh trong mién nén cé canh; mot s6 kién thiic can ban cuia
Iy thuyét nita nhém cac toan tit tuyén tinh bi chin; mot sé kién thic can
ban vé do do khong compact va anh xa nén tuong tng véi do do khong
compact. Noi dung kién thic ctia chuong dugce xac dinh trong cac bai bao,
tai lieu chuyén khéo [1, 4, 17, 18, 19, 20, 48, 56, 60, 63, 65].

1.1. Khoéng gian cac ham, hdi tu yéu, cac dinh Iy nhing
1.1.1. Mot s6 khong gian ham

1. Gia st X la khong gian Banach v6i chuan || - ||x. St dung ky hiéu
trong [19], ta c6 C([0,T]; X) la khong gian bao gom cac ham lien tuc

u: [0,T] = X v6i chuan ||ul|¢qor:x) = Or?ta%%Hu(t)HX < 00. V6i moi

l1<p<oova0<T < oo, khong gian L,(0,7; X) bao gom tat ca cac
ham kha tong u : [0, 7] — X, xac dinh véi chuan

T
|z, 0.m:x) = (/ ||U(t)!|pdt)p < 00;
0

Khong gian L. (0,T; X) bao gom cac ham u x4c dinh trén [0, 7] ¢6 gia tri
trong X, dong thoi véi mdi t € [0,7T],u(t) do duge va bi chin hau khap

noi trén X, xac dinh véi chuan ||ul|zor.x) = esssup |Ju(t)||x < oo.
0<t<T

2. Cho Q C R" (n > 2) 1a mot mién bi chan. St dung cac ki hiéu trong
[19, Chuong 5], v6i 1 < p < oo va m la s6 nguyén khong am, ta cé
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Dinh nghia 1.1. Gid stt u,v € L (Q), a 1a mot da chi s6. Ta néi rang v

loc

la dao ham yéu cap « cla u, ki hiecu D% = v, néu

/ uD®pdx = (—1)! / vodz

Q Q
thoa man doi véi tat ca cdc ham thit ¢ € CF°(Q).
Dinh nghia 1.2. Khong gian Sobolev W™?(Q2) bao gom tat ca cac ham
kha téng dia phuong v : Q — R sao cho v6i méi da chi s6 o, |a] < m, D
ton tai theo nghia yéu va thudc L,(€2).

Ki hieu W™2() la bao déng ctia C5°(Q) trong WH2(Q).

Trong trudng hop p = 2, ta thudng viét H™(Q) = W™3(Q), m =
0,1,2,--+. Ta co H(Q) = Ly(Q). V6i mdi u € W™P(Q), ta dinh nghia

chuan cua no6 xac dinh bdi

( 1
( > f \Dau]pd:U)p néu 1 < p < oo,

HUHWWP(Q) — ! “lajsmQ

> esssup |DYu(x)| néu p = oo.

\ |ag’§m xef)

V6i mdi m € N*, W™P(Q) cuing v6i chuan || - |[yme(q) 1a khong gian
Banach. Néi rieng, H™(£2) ciing 1a khong gian Banach va néu trong H™ ()
ta trang bi tich vo hudng

(u,v) = Z /Do‘uDO‘vdx
la|<m 0
thi H™(Q) 1a khong gian Hilbert. Ta ki hieu H™(Q) bao gdm tat ca céc
ham v € H™(§2) sao cho D% = 0 (v6i tat ca || < m — 1) trén bién 0
cia 2 va duge goi la bao dong ctia C3°(€2) trong H™(Q). H () dugc
goi la khong gian déi ngau ctia H m(8).

V6i v € R va x € ), ky hieu r = |z|, ta ¢6 khong gian Sobolev ¢6 trong
H'(Q) ={v e D'(Q): rrtlel=mpay e Ly(Q), |a| < m} véi chuan ||- ||
dugc xac dinh bdéi hé thiue

(0]l = ( 3 /‘T7+a|—mDa,U

la|<m ¢

zdx)%.
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3. Giad st 2 14 mién c6 canh bi chin trong R™,n > 2, véi bien 02 bao
gom hai mat I';,I'y giao nhau theo da tap lp. V6i méi a € R, [ 1a s6
nguyén khong am va 1 < p < oo, ta dinh nghia khéng gian Sobolev c6
trong V’(Q) (xem [60]) nhu la bao dong ctia tap C°(Q \ ly) tuong tng

vGl chuan

HuHV(Qp / Z rplatlol— l’Dau‘p+|u‘p) 7

0<|er| <1

=

& day r = dist(x,ly). Mot chuan (xem [60, Bo dé 2.1.5]) tuong duong vdi
Iy 0 1

lu| = /(rp<a—l>|u\p+ S Dtup)dr | L1z

Q =l
Dé ngan gon, ta dat H!(Q) = V2(Q). Tit dinh nghia chuan ciia khong
gian VP(Q) ching ta ¢6 VAP(Q) < VITP(Q) < - Vo,
4. Ta xac dinh mién nén bi chan c6 canh K = {x c R? : |§—| € Q} cO
dinh tai goc toa do. Ta gia st rang bién JK bao gom dinh z = 0, cac canh
(cac nita dudng thang) M, - -+ , My v cac mit nhan (16p C®) Iy, --- , Ty
Diéu nay cho ta thay ring Q = K N S? la mot mién kicu da giac nim
trén mat cau don vi S? vé6i cac canh v, = ', N S%. Cho 0 < T < oo, dit
d
’CT = K X (O,T),E?ICT = U Fz X (O,T) Taky hiéu S = {O}UM1 © 'UMd
i=1
la tap céc diem bién ky di. V6i mbi s6 nguyen khong am [ va cac dai luong
BER,E= (6, -+ ,0g) € RY ta ky hidu Vﬁl,(g(/C) (xem [60]) la bao déng
ctia C5°(K \ S) tuong ting v6i chuan

el / - pAlel f[( )

la| <1 k=1

|

(Or+]cr|—1)
: \Do‘u|2dm> g

6 day p = |z| 1a khoang cach tit z € K dén goc toa do, i 1a khoang céch ti
x € K t6i canh My, (k= 1,--- ,d) tuong ting. Bao dong C§°(K) tuong ting
v6i chuan || - HVA(S(IC) dugce ky hiéu béi Vﬁl 5(KC). Tt dinh nghia cia || - Hvﬁl’é(lC)
ta c¢6 cac nhing sau: Vj ;(K) < Vl 1K) = e = VR 5 (K.
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1.1.2. Héi tu yéu
Cho X la khong gian dinh chuan, X’ 1a khong gian d6i ngau ctia X. Ta
¢6 dinh nghia va tinh chat ctia hoi tu yéu nhu sau, xem [20].
Dinh nghia 1.3. a. Mot day {z,}°°; € X dugc goi 1a hoi tu yéu t6i
r € X, (ki hiew: z, — x) néu p(z,) = p(x) Ve X
b. Mot day {¢,}°2; € X' duge goi 1a hoi tu yéu sao t6i ¢ € X', (ki hieu:
Pn = ) néu g, () = p(r) Ve X.
Meénh dé 1.1. Gid st {z,}°>°, la mot day trong khong gian Banach X .
Khi do

1) Néux, — x khin — oo thi {x,}°°, bi chdn va ||z||x < liminf ||z, | x.
n—oo

2) Néu x, — x khin — oo va |z,||x — ||z||x khi n — oo thi x, — x
khi n — oo.

8) Néu {x,}°°, bi chin trong X va néu ton tai v € X va mot tap con
tru. mat D trong X' sao cho p(x,) — o(x) khin — oo vdi moi o € D

thi «,, — x.

Cac tinh chat compact du6i day rat quan trong cho viéc khang dinh sy

ton tai hoi tu yéu, hoi tu yéu sao.

Dinh 1y 1.1. Néu day {x,}°2, la day bj chan trong khong gian Banach

phdn za thi ton tai day con hoi tu yéu cia {x,}°° .

Trong trudng hop diac biét, mot day bi chan trong khong gian Hilbert
luén c6 day con hoi tu yéu.

Dinh ly 1.2. Néu day {p,}>2; C X’ bi chan trong khong gian doi ngdau
X' cia khong gian Banach X tdach duoc, thi ton tai day con hoi tu yéu

SQa0.

Ap dung dinh 1y Hahn-Banach, ta ¢6 dinh 1y sau:

Dinh 1y 1.3. Gid st X la khong gian dinh chuan va day {x,}°°, trong
X hoi tu yéu tdi x. Néu Q C X la tap con loi va déng chita {x,}52, thi
x € (.
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1.1.3. Dinh ly nhing Sobolev va dinh ly nhing Rellich-Kondrachov
Tham khao [1], ta c¢6 khai niém va cac dinh 1y nhing sau:

Dinh nghia 1.4. Gid st X,Y la cac khong gian dinh chuan tuong tng
v6i chuan || - ||x, || - ||y- Ta néi ring X nhing lién tuc vao Y va duge viét
X <= Y néu

(i) X 1a khong gian vecto con ctia Y va

(ii) toan ti tuyén tinh dong nhat I xac dinh trén X anh xa vao Y cho bdi
Iz = x v6i tat cd z € X 1a lién tuc.

Ta n6i X nhing compact vao Y (X < Y) néu I la toén tit compact .
Tu Dinh nghia 1.4, b6i I 1a tuyén tinh, (ii) tuong duong ton tai hang
so duong M sao cho |[Iz|y < M||z||x, = € X.

Dinh nghia 1.5. Ta néi rang mien mé Q C R"™ ¢6 tinh chat nén néu ton

tal mot nén hitu han C sao cho véi moéi z € €2 14 dinh cila mot nén hitu

han C, chita trong € va dong dang véi C

Cho € 13 mot mién ¢6 tinh chit nén trong R” va cho Q¥ 1a mién k—chiéu
thu duge béi giao ctia Q v6i mot phang k—chiéu trong R?, 1 < k < n.
R6 rang Q" = Q. Cho j, m 1a cac s6 nguyén khong am va cho p théa man
1 <p<oo.

Dinh 1y 1.4 (Dinh Iy nhing Sobolev). a) Néump < nvan—mp < k <n
thy WItme(Q) «s WH(QF) vgip < q < . Ddc biet, WITmP(Q) —

n—mp
WH(Q) voi p < q < , hodc W™P(Q) — L,(Q) vdip < q <
np
n—mp
b) Neump =nwval <k <n thh Witm?(Q) — Wi(QF) vdip < q < oo.
Dac biet, W™P(Q) — L1(Q) vdip < g < 0.

n —mp

c) Tat cd cic phép nhing lién tuc da néu trén deu ding doi vdi cdc mién
tuy 1j néu ta thay thé cdc khong gian Sobolev WIT™P(Q) bdi cdc khong gian
Witmp ().
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V6i gid thiét nhu trén vé mién € va véi j, m 1a cac s nguyén 7 > 0, m >
1,1 < p < oo, ta co6 dinh 1y sau:

Dinh ly 1.5 (Dinh ly nhung Rellich-Kondrachov). a) Néu mp < n thi

nhiing sau la compact: W/ TP (Q) — Wi (QF) néu 0 <n—mp <k <n

com

. Ddc bigt WITmP(Q) < WH(QF) néun = mp,1 <

va l < g <
n—mp

E<nwval<qg<oo.
b) Néu mp > n thi nhing sau la compact: WIiTm2(Q) ‘& Wi(Q) néu
1 <q< oo

c) Tat cd cdac phép nhing compact da néu trén déeu ding doi vdi cac mién
tuy 1j néu ta thay thé cdc khong gian Sobolev WIT™P(Q) bdi cdc khong gian
Witmp(Q).

1.2. Mot s6 bat dang thic

Trong muc nay, ching t6i nhic lai mot sé bat dang thiic thusng st dung
trong luan an cling véi cac dang phat biéu ciia bat dang thic Gronwall
(xem [19]).

1.2.1. Bit dang thic Cauchy va bat dang thic Young

Véiimoia,b>0vée>0,1<p,q<oo,%—|—%:1,tacé

1. Béat dang thic Cauchy: ab < ea? + b

4_6.
L o 1
2. Bat diang thic Young: ab < ea? + —b".
(ep)rq
1.2.2. Bit dang thic Holder
, o1 1 1 o
Cho 1 < py,p9, -+ ,pm < 00 thoa man — 4+ — +---+ — =1 va gia
pr P2 Pm

thiét u, € L, () véi k=1,2,--- ,m. Khi d6

m
/|u1.u2 tlde < T il o
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1.2.3. Mot s6 phat biéu ctia bat dang thic Gronwall

B6 dé 1.1 ([19], Dang vi phan). Cho n(-) la ham khong am, lién tuc tuyét
doi tren [0,T] va n'(t) < ¢(t)n(t) + (t) vdi hau khap t € [0,T], & day
o(t) va (t) la cac ham khong am, khd tong trén [0,T]. Khi do

00 < (00) + [ wis)ds) exp ([ ol)ds)

vdi tat ca t € [0,T]. Ddc biet, néu ¥(t) = 0,¢t € [0,T] va n(0) = 0 th
n(t) =0 trén [0,T].

B6 dé 1.2 ([19], Dang tich phan). Cho &(t) la ham khd tong, khong am
tren [0, T] va vdi hau khdp t trén [0,T), bat dang thitc tich phdan sau théa

awsa/awm+@
0

vdi cdc hing s6 Cy,Cy > 0. Khi d6 £(t) < Co(1 + Cite?) vdi hau khap
0 <t <T. Trong truong hop dac biét, néu Cy = 0 thi £(t) = 0 trén [0, T).

Tong quat hon, khi ta thay thé hing s6 Cy béi mot ham thuc kha tich,
khong am. Khi d6 bat dang thitc Gronwall duéi dang tich phan dude phat
biéu nhu sau:

B6 dé 1.3. Gid st F, G la cdc ham s6 thuc khong am, khd tich tren [to, T
t

va théa man F(t) < G(t)+ C [ F(s)ds, Yt € [ty, T], ¢ day C' la hang so
to

duong da cho. Khi do

F(t) < G(t)+ C / G(s) exp (C(t — 5))ds, ¥t € [to,T].

Hon niia, néu G(t) ¢6 dao ham G'(t) va G'(t) khd tich trén [ty, T| thi
t

F(t) < G(tg) exp (C(t — to)) + /G'(s) exp (C(t — s))ds

to
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Trong nhitng truong hop cu thé ching ta can phai sit dung dang tong
quat dé c6 thé ap dung trong cic truong hgp phic tap (xem [55]).
Bo6 dé 1.4. Cho z( ) la ham khd vi zdc dinh duong théa man bat dang
thzi’cz()<C+f[ 2(s) + g(s)2"(s)|ds, t € I = [a,b], ¢ day C > 0,
cic ham f(t), g(t ) la nhitng ham lien tuc trén I van > 1 la hang so. Khi

do vort,s €1,
t

1= (n— 1) / g(s)exp ((n — 1) / f(z)dr)ds > 0,

a

ta co
N cox (] 101 )

[1 ~(n—1)Cn jg(s) exp ((n _ ) b[ f(T)dT)]

1.2.4. Béat dang thic Gagliardo-Nirenberg

Trong cong trinh [16], Manuel Del Pino va Jean Dobeault da xéc dinh
duge hing s6 t6t nhat déi véi bat dang thitc Gagliardo-Nirenberg. Trong
mot sO trudng hop danh gia, dé thuan loi khi thuc hién cac phép nhing
trong cac khong gian Sobolev, ta cé thé sit dung bat dang thitc Gagliardo-
Nirenberg. Ta c6 cidc phat biéu ctia bat dang thic Gagliardo-Nirenberg
nhu sau:

Dinh 1y 1.6. Cho s6 nguyén d > 2. Néu s6 thucp > 1 vap < Vi
d > 3, khi dé doi vdi bat ki ham

w€ DP(RY) = {w € L1,(RY) : Vw € Ly(RY) va [w]* € Ly(RY)},

d— 2

bat dang thic sau théa man

6ol 2y 0y < ANV g |07 gy (1.1)

A:(y(p2;d1)2) (2y2yd>fp< % ) |

g day

[\JISaY
SHISS)
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d(p —1) = Pt1
\ p[d+2—(d—22p]’ p—l \ /
bang trong (1.1) zdy ra néu va chi néu w la mot hiang so boi clia mot trong

1 -1
cac ham wyz(r) = (02 s _f|2)p ,vdi o >0 vaT € R

va1 0 =

A la hang so tot nhat va dau

Dinh 1y 1.7. Cho s6 nguyén d > 2 va gid thiét rang 0 < p < 1. Khi do
doi vdi bat ki ham w € DP(RY), bdt dang thitc sau théa man

[l < ANV gt 0] (1.2
g day
0 19 o
Ao (VDN 2y NE (D(E+T14y) )]
2md 2y +d ['(1+y) ’
d(1 — 1
vdi 0 = (1=p) Zi A la hang so tot nhat va dau

Itpd—@d-2p 7" 1-p

bang trong (1.2) xdy ra bdi cic ham cé gid compact wyz(x) = (0 — |x —

1
E|)1p,v0’za>0?)aa:€Rd

1.3. Mot so kién thic can ban vé li thuyét toan ti

Trong muc nay, ta nhac lai mot s6 kién thiic cin ban clia toan ti tuyén
tinh bi chan (xem [65]). Cho XY la cac khong gian Banach tuong tng
voi chuan || - |[x, || - Iy

Pinh nghia 1.6. Mot toan ti tuyén tinh tit X vao Y 1a mot cap (A4, D(A))
bao gom mot khong gian con D(A) C X, vd mot bién ddi tuyén tinh
A: DA =Y.

Ta n6i rang D(A) 1a mién xac dinh clia toan ti tuyén tinh A.
Pinh nghia 1.7. Mot toan tit tuyén tinh (A, D(A)) tu X vao Y duge goi

1a bi chan néu ton tai hing s6 khong am C sao cho

|Az|ly < C|lz||x, v6iVe e D(A). (1.3)

Néu khong ton tai hing s6 C' nao dé (1.3) théa méan, ta néi (A4, D(A))
la toan ti tuyén tinh khong bi chan.
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Vi du 1.1. Gid st 2 C R" 1a mot mién bi chian. Ta dinh nghia toan tu
tich phan K : Lo(§2) — Lo(2) xac dinh béi

Ku = /k(x,y)u(y)dy. (1.4)
0

§ day k: Q x Q — C dugdc goi 1a hat nhan cua toan tit K. Ta gia thiét
rang k1 = sup [ |k(z,y)|dy < oo, ko := sup [ |k(x,y)|dx < co. Khi d6
Q0 Q0

z€ ye
K 13 toan tu tuyén tinh bi chan.

That vay, 4p dung bat dang thitc Holder, ta co

1Kulf o = [ ([ B pputy)dy) da
< [ ([ Ve pl/ite. ) ut)dy) i
< [ ([ ewplay) ([ 1)l luty) Py ) do

< krkallullZ, 0.

Chuan clia todn tit tuyén tinh bi chan (A, D(A)), ki hiéu || A||, 1a s6 khong

am nhé nhat C ma doéi véi né (1.3) thoa man. Ta co

Ax Y
|Al| = sup Al _ sup || Az|y. (1.5)
zED(A) HCUHX z€D(A)
|zl x #0 || x =1

Ta ky hieu £(X,Y) 1a tap hgp cac toan tit tuyén tinh bi chan tit X vao
Y. Trong truong hgp dic biet X =Y, ta ky hieu L£(X).

Dinh ly 1.8. L(X,Y) cung vdi chuan dugc wdc dinh bdi hé thic (1.5) la
khong gian Banach.

Ta ky hiéu chuan trén khong gian Banach £(X,Y) 1a

ey
Dinh nghia 1.8. Gia st (D(A), A) 1a toan t1t tuyén tinh tit X vao Y. Ta
noéi rang toan tir A 1a compact néu n6 anh xa cac tap bi chin trong D(A)
thanh céc tap compact tuong doéi trong Y. Tic 1a, néu Q C D(A) 1a mot
tap bi chin bat k¥, ta c6 A(Q) C Y la compact.
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Pinh nghia 1.9. Do thi clia mot toan tit tuyén tinh (A, D(A)) 1a tap hop
cac cap sap thi tu

['(A) ={(z,Az): z€e DA} C X xY. (1.6)
Pinh nghia 1.10. Ta n6i rang toan tt (A, D(A)) la déng néu do thi I'(A)
cua no6 la dong trong X x Y.
Bo6 dé 1.5. Todn tit (A, D(A)) la déng néu va chi néu né cé tinh chat
sau: Véi bat ky day {x,}°2, C D(A) théa man x, — x va Ax, — y khi
n — oo thi x € D(A) va Ax = y.
Vidu 1.2. (a) Cho X = L,(RY), 1 <p<oovam: R?— C la ham do
dugc. Ta dinh nghia toan tit A xac dinh bdi hée thic Af = mf v6i mién
xac dinh D(A) = {f € X : mf € X}. Khi d6 A 1a toan tt tuyén tinh
dong. Thuc vay, 1ay day {f,}°°, C D(A) va f,g € X sao cho f, = f va
Afn =mf, — g trong X khin — oco. Suy ra ton tai day cho {n;}32; C N
sao cho f,.(z) — f(z) va m(z)fn,(z) — g(x) v6i hau khip = € R? khi
j — 00. Do d6 mf = g trong L,(R?) va ta thu duge f € D(A) va Af = g.
(b) Cho X = L([0,1]),Y = C va Af = f(0) v6i D(A) = C([0,1]).
Khi d6 A khong 1a toan ti tuyén tinh dong. That vay, ta xét day ham
{fa}o2; € D(A) xéc dinh béi

l—nt, 0<t<3,
0, Lot<i,
n

voi moi n € N. Khi d6 || ful|r,(0.1)) = 55 — 0 khi n — oo nhung Af, =
fa(0) =1.
Pinh nghia 1.11. Cho X la khong gian Banach phtic. Cho (A, D(A))
la mot toan tu tu X va X. V6i bat ki A € C, ta dinh nghia toan ti
(Ax, D(A)) nhu sau

Ay = A— ), (1.7)
6 day I 1a toan ti dong nhat tréen X. Néu A ¢6 anh xa ngugc 1a Ry(A) =
(A — M)~ (tic 1a Ay 1a tuong tng 1 — 1 trén X), ta néi Ry(A) la gidi
thifc cia A. Cho (D(A), A) la toan t1 tuyén tinh tit X vao chinh n6. Khi
d6 mit phang phic C ducc phan tich thanh hai tap hop sau:
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(a) Tap giai thic cua toan tt A 1a tap hop
p(A) :={A € C: R)(A) ton tai, bi chan}.

Gia st p(A) # (), thi moi phan tit A € p(A) duge goi 1a gia tri chinh
quy cua toan tir A.

(b) Pho cia toan tit A la o(A) = C\ p(A).

Trong trudng hop dic biét, tap pho diem o,(A) = {\ € o(A)} ting véi
R)(A) khong ton tai, thi mdi phan ti A € 0,(A) dugce goi 1a gia tri rieng
cia A. Néu A € 0,(A), cac phan tit x € N(4)) ={y € X : Ay =0}

dugce goi la cac vecto riéng cua A.

Dinh ly 1.9 (Dinh 1y Hilbert-Schmidt). Cho H la khong gian Hilbert va
cho A € L(H) la todn ti compact, ti lién hop. Khi dé ton tai mot day
cic gid tri riéng thuc khdc khong {\;}Y., vdi N la s6 chiéu ciia A sao cho
\\i| la don diéu gidm va néu N = oo thi nlgl(;lo M\, = 0. Hon niia, néu moi
gid tri rieng cua A boi duoc lap lai trong ddy gid tri riéng thi ton tai mot
co s6 truc chuan {¢;}Y., cdc ham riéng tuong tng, tic la Ad; = N
Ngoai ra, {¢;}Y.| la co s truc chuan cia R(A) va A c6 thé biéu dién bdi

N
Au = Ni(d, u) ;.
i=1
1.4. Mot sb6 bo dé nhiing trong mién cé canh, bai toan Dirichlet d6i véi
phuong trinh elliptic cip hai trong mién da dién
1.4.1. Mot s6 bo dé nhing trong mién cé canh

Gia st 2 1a mot mién ¢6 canh bi chan trong R™ (n > 2) vé6i bien 0f2
bao gdm hai mit 'y, T’y giao nhau theo da tap ly. Ap dung ching minh
(60, Bo deé 2.1.3, Bo dé 2.1.1], ta c6 hai bo dé sau:

BS d& 1.6. Néuu c H*(Q) va k> a +g thiu € Loo(Q) va

ullz.) < Cllullgr @, (1.8)

d day C la hang s6 duong doc lap vdi u.
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Chitng minh. Cho B(x) 1a hinh cau ¢6 tam x, ban kinh r = %, 2/|* =
ri + x5 Néu o € Q,r = 1, khi d6 theo dinh 1y nhing Sobolev, ta c6 bat
dang thiic

|ullr. ) < Cllull gr@nbe))- (1.9)

Do d6 |u(x)| < Clullgr@onp)), v6i moi u € HF(Q). Bay giv, véi z € Q
va r = r(x) = |2'|. Thay thé y = 'z vi v(z) = u(rz), ta thu duge

IU(CL‘)|2 = |U(y)’2 < CHUH%I’“(QHB(y))
=C ) DT gnpy)- (1:10)

|| <K

3
fog <) < 37“ Vo1 € € B(x), tathu duoe [u(x)]? < Cr2E=9 7 ul|%, .
Do d6 u € L (§2) va (1.8) duge chiing minh.

B8dd1.7. Chol <p<g<oo, — = >k—lvad—l+2 —y—k+
p q p
Khi do khong gian V;’p(Q) dugc nhing lién tuc vao Vf’q(ﬂ).

=1 0

Chiing minh. V6i mdi z € Q, ta ky hieu |2/|* = z7 4+ 23. Ta goi Q; 1a tap

hop tat cd cac phan tit o €  sao cho 277 < [2/| < 277FL Bai WHP(€)
nhing lién tuc vao W*4(Q), nén danh gia

> [1pse@par < o( X [ips@par)” o

théa man véi tat cd v € WHP(€). Nhan ca hai vé cia bat ding thiic (1.11)
; 3 . .
voi 2790 gan d6 thay thé z = 27y, ta thu dugc

> [ Dty dy

]a|§ij
<C( X [lyre e utay), (L1
’Oé|§le

~

& day u(y) = v(2’y), hang s6 C doc lap vé6i u va J.



27
Tit (1.12), ta lay tong tat ca theo j, ta thu dugc bat dang thic

< Cllull g (1.13)

q
HU’HVWMCI(Q) )

Diéu nay duwa dén két luan ciia Bo dé. O

1.4.2. Bai toan Dirichlet d6i véi phuong trinh elliptic cap hai trong
mién da dién
Tong quét, Gia st Q 13 mién da dién trong R™®,n > 2. Trong cong
trinh [48], V. A. Kondratiev da xét bai toan Dirichlet d6i v6i phuong trinh
elliptic cap hai

L(z,D)yu = f(z), z€, (1.14)

ufyg =
trong mien ) va cé két qua duge phat biéu trong dinh 1y duéi day.

Dinh 1y 1.10. Gid st f € H¥(Q), a € [0,1],a = const,= > k+1— a.
Khi d6 nghiém yéu u € HY(Q) cia bai todn (1.14) thuoe HE2(Q) va

||UHH§+2(Q) < C(Hf“Hg(Q) + ||UHL2(Q))7

trong dé C' la hang so6 doc lap vdi f va u.

Dinh 1y 1.10 la céng cu hitu ich gitp chung téi khang dinh duge tinh
tron ctia nghiém theo bién thoi gian ctia bai toan Dirichlet-Cauchy dbi véi

phuong trinh hyperbolic cap hai trong mién c6 canh.

1.5. Mot s6 bo de nhiing va bai toan Dirichlet d6i véi phuwong trinh

elliptic manh trong mién nén cé canh
1.5.1. Mién nén c6 canh

Trong R3, ta xét cac ntta duong thang My, k = 1,---,d xuat phat
tit goc 0 va cac mat I'y chia My, My, .-+, mat I'y_; chia My 1, My va
mat 'y chita My, My déu 1a nhin (16p C*°). Ta goi S? la hinh cau don
vi c6 tam tai gbc 0 va 14 mién kiéu da gidc nim tren S?, c6 canh
vi =Ly NS% k=1,---,d. Ta xac dinh nén bi chan K cé cac mit 'y, Q,
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cac canh M), va dinh tai gbc 0 nhu sau:

K:{xeR?’: iEQ}.

||
1.5.2. Mot s6 bo dé nhing

Chiing ta c6 cac nhing lién tuc trong cac khong gian Sobolev ¢6 trong
xac dinh trén nén K, cac nhing nay dudge phat bieu trong cac Bo dé 3.1.3,
Bo dé 3.1.4 va Bo dé 3.1.6 trong [60].

Bo dé 1.8. Cho I,I' la cdc sé nguyén khong am bat ky, 5,5 € R, § =
(61, ,0q),0" = (87,-++,8)) la hai bp d—s6 thuc thuoc R val < p < q <
? ~ 3 I3 S g3 . 3 /A VAN B
oo thoa manl—ﬁ > | —5,5—l+2—9 75 [ +4 Op l—l—p <4, —1 + 2 vdi
k=1,---.,d. Khi dé khong gian Vﬁjg(/C) duoc nhiung lién tuc vao khong
gian Vl,’g,(IC).
Bo dée 1.9. Chol <p < oo, | > % la s6 ngquyén khong am, S € R, § =
(61, ,0r) € R Khi dé vdi moi u € Vﬂl’g(/C), ta co

B—l—|—§ d Tk 5k—l+%
o E(F> ll, g < vy (1.15)

9] day C la hang so doc lap vdi u.
Bo dé 1.10. Khong gian Wl’p(lC) nhing lién tuc lién tuc vao trong khong
gian ‘O/()l,’g (K).

Tt Bo dé 1.8 va Bo deé 1.10, d6i v6i mdi 3,0 € [—m,m], k=1,2,--- .d,
ta ¢6 cac nhing H™(K) — Vi§(K) — V§5(K); Vii(K) — V25 _5(K);
V35(K) — Vig™(K), 6 day V¢"(K) la khong gian doi ngau ciia Vi'(K).

1.5.3. Bai toan Dirichlet d6i véi hé elliptic manh trong mién nén cé

canh
Trén noén bi chin K C R?, ta xét bai toan sau:
Lu=F trén KC,

ok (1.16)
=0 wij=1,---,4
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& day L 13 toan tu vi phan elliptic manh cap 2m véi hé s bién thién trong
Kvik=01,--,m—1

Ta gidi thiéu ¢ day cac toan tu pencil dugc sinh bdi bai toan Dirichlet
doi véi phuong trinh elliptic trong nén da dién I, (xem [60, Chuong 3]).
Goi My, (k=1,---,d) la mot canh nao do cua K, goi I';, ,I';,_ tuong tng
la hai mat c¢6 chung bo la M;. Ta ky hiéu D; la nhi dién ma né bi chan
béi 2 nita mat phang F2+ va I} cling tiép xtc tuong ting véi Iy, , Ty tai
M. Ki hiéu 0}, 1a géc phang ctia nhi dién Dy. Goi 7, v la toa do cuc trong
mit phang truc giao v6i M), thoa man

/
M, ={ze®:r>0 p=+]

V6i t € [0, T] ¢6 dinh, ta xac dinh toan tit A(\, ) cho bdi

Ap(\ tu = 1200, ¢, D) (r ),

no 0 ou
2 ~ 0 . 7 . e — by
6 day L°(0,t, D)u = mg:l o, <aw(0, t)ﬁxj (0, t)), u(x) = r*u(p), A € R,

Toan t Ay, (), t) xac dinh dnh xa lien tuc tit W2(1,)"W2(I},) vao Lo(I},),

v6i A € R, ¢ day I 1a khoang (— %’“, %) Mot s6 thuc Ao dudce goi 1 gia tri

rieng ctia Ay, (), t) néu ton tai phan ti khac khong u € W2(I,) N W2(I)
sao cho Ag(Ng,t)u = 0. Ky hiéu 5@ () v 8" (#) 1a cac s6 thue t6t nhat
sao cho dai s6 thuc 1 — 6™ () <A< 1+ (5@ (t) khong chita gia tri riéng

cia Ag(\, t). Hon nita, ta dinh nghia (5@ = i[r()lfT] (5§f)(t), k=1,---d.
telo,

Xét he toa do cau xac dinh béi cac thanh phan p = |z|,w = ﬁ trong
K. Ta dinh nghia todn t& (), t)u = p>*L%0,t, D)(p*u), & day u(z) =
pru(w). Ta thay ring $4(\,t) xac dinh mot anh xa lién tuc tit W2(1;,) N
W2(I},) vao Lo(I},). Mot gia rieng ctia (), t) 1a s6 thuc Ay sao cho ton tai
phan ti khac khong u € W2(I,) N W2(I;,) dé (Ao, t)u = 0.

Tit Hé qua 4.1.10 va Dinh 1y 4.1.11 trong [60], ta c6 bo dé sau:

B6 dé 1.11. Cho u € Véj(;(lC) la nghiém cia bai toan (1.16), ¢ day

FeViAK)NVLZK), 1>2,1'>2.
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Gid thiét rang ddi so thuc déng nam gita cic duong thang X = | — 3 —% va

A=1"— ' —2 khong chita cic gid tri riéng cia toan tid L(\, t),t € [0,T]

va cdc thanh phan cia 6,6 théa man bat dang thic
W < —1+1<6® W <t 1+ 1 <™.

Khi d6 u € V} 5(K) va ||ul|? < C|FI2, .,

d day C la hang so
Vé;’(;/(lc) 51,5/ ’ y g

(K)
doc lap vor u va F.

1.6. Mot s6 kién thidc can ban vé li thuyét nita nhém cac toan ti tuyén
tinh bi chan

Trong muc nay, ta nhac lai mot so6 kién thic can ban vé dinh nghia nita
nhém, ciac nita nhom dic biet va tinh chat tuong tng (xem [56, 18]). Cho
(X, |- ||x) 1& khong gian Banach thyc, £(X) 1a tap hop cac todn ti tuyén
tinh bi chan tit X vao X véi chuan ||T||zx) = sup [|Tz|x, T € L(X).

]l x <1

Pinh nghia 1.12. Mot ho {S(¢) }+>0 trong £(X) dugc goi 1a nita nhém
clla cac toan tit tuyén tinh trén X néu hai diéu kién sau thoa méan
(i) S(0) =1, I 1a toan tit dong nhat tren X.
(i) S(t+s)=S5(t)S(s), Vt,s > 0.

Dé ngan gon, thay vi goi {S(¢) }+>0 & ntta nhém ctia cac toan tit tuyén
tinh trén X, ta goi {S(t)}:>0 1a nita nhém.
Pinh nghia 1.13. Gid st {S(¢)}s>0 & mot nita nhéom. Toan ti@ A :

Str—z |
D(A) C X — X, xac dinh béi D(A) = {:c c X: hfgl ( ):; * ton tai}
t
S(t)r —x

va Az = lim dugc goi la phan tit sinh ciia nita nhoém {S(t) }4>o.

t10

Pinh nghia 1.14. Ntta nhém {S(¢) }+>0 duge goi la Cy—nita nhém néu

v6i moi z € X, ta ¢ liﬁ)’l S(t)r ==x.
t

Dinh ly 1.11. Gid st {S(t)}i>0 la Co—nita nhém, khi dé ton tai M > 1
va w € R sao cho ||S(t)|lzx) < Me¥', Vit > 0.
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Pinh nghia 1.15. Mot Cy—nita nhém {S(t) >0 duge goi 1a co néu véi
moi t > 0, ta c6 ||S(t)]|zx) < 1.

Dinh ly 1.12 (Dinh ly Hille-Yosida). Todn ti tuyén tinh A : D(A) C
X — X la todn ti& sinh cia Co—nita nhém co {S(t) }i>0 néu va chi néu

hai dieu kién sau déu théa man

(i) A zdc dinh tra mat va dong, tic la D(A) tra mat trong X va A la
todn ti tuyén tinh déng.

. 1
(i) (0,400) C p(A) va vdi moi A > 0, || Rx(A4)] zx) < T

Pinh nghia 1.16. Nita nhom {S(¢)}+>¢ duge goi 1a nita nhém lién tuc
manh néu véi mdi x € X, anh xa &, : [0,00) — X, &.(t) = S(t)x lien
tuc.

Ménh dé 1.2. Gid sit {S(t)}i>0 la nita nhoém trén khong gian Banach
(X, || - ||x). Khi dé cdac dieu kién sau la tuong duong

(a) {S(t)}i>0 la nida nhom lién tuc manh.

(b) 1}{515“)37 =z, vdi tat cd x € X.

(c) Ton tai cic s6 T > 0,M > 1 va tap con tru mat D C X thdéa man
(i) HS(t)Hﬁ(x) < M, vgi ¥Vt € [0,T].

(i1) lti% S(t)x = x, vdi tat cd x € D.

Tu Ménh dée 1.2, néu {S(t)}+>0 1& nita nhém lien tuc manh thi né 1a
Cp—ntia nhém.
Pinh nghia 1.17. Nita nhém lién tuc manh {S(%) }+>o dugce goi 1a lién tuc
chuan néu anh xa tir (0, +00) — L(X),t — S(¢) 1a lien tuc.
Dinh nghia 1.18. Nita nhém {S(%) }+>¢ trén khong gian Banach X dugc

goi 14 on dinh mf néu ton tai cidc hing s6 § > 0, M > 1 sao cho véi moi
t >0, HS(t)”ﬁ(X) < Me_(st.

Pinh nghia 1.19. Mot Cy—ntta nhém {S(¢) }+>0 1& compact néu ddi véi
mdi t > 0, S(t) 1a toan it compact.



32

Dinh 1y 1.13. Cho {S(t) }+>0 la nia nhém lién tuc manh. Khi dé cdc tinh
chat sau la tuong duong

(1) {S(t)}t>0 la compact.
(i) {S(t)}=0 la lién tuc chuan va todn ti sinh clia né cé gidi thiic com-

pact.

Gié st X la khong gian Banach, cho A: D(A) C X — X la C—toéan
tr tuyén tinh sinh ra Cy—nita nhom co {S(t)}i>0. V6i mdi 0 < 6 < 7, ta
dinh nghia quat (xem [56]) Cy ={z € C: —0 < argz < 6}. R0 rang

Cy={z€C: —0<argz<0}U{0}.
Ham f(z) duge goi 1a ham gidi tich trong mién R clia mit phang phiic
néu f(z) la ham don tri va c6 dao ham tai moi diem thuoc R.
Dinh nghia 1.20. Ta néi rang Cy—nita nhom {S(¢) };>o 1a gidi tich, néu

tdn tai 0 < 6 < 7 v anh xa S Cy — L(X) sao cho

(i) S(t) = S(t) v6i méit > 0;

(ii) S(z1 4 22) = S(21)S(22) v6i moi 21, 2, € Cyp;

(i) lim S(z)z =z v6i mdi z € X;
2€Cy,z2—0

(iv) anh xa z — S(2) la giai tich tit Cy vao L(X).

Dinh nghia 1.21. Nita nhém lién tuc manh {S(%)};>¢ trén khong gian
Banach X ducc goi 1a kha vi néu v6i moi z € X, anh xa

E:0 (0,4+00) = X, t— Stz
13 kha vi tai moi diém ¢ € (0, +00).

Dinh 1y 1.14. Cho A: D(A) C X — X la mot C—todn tit tuyén tinh
sinh ra Co—nata nhém co {S(t)}i>0. Néu 0 € p(A) thi cac ménh dé sau la
tuwong duong

(i) Nita nhém {S(t) }i>0 la nia nhém gidi tich va bi chan deu.
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(ii) Tap hop {\ € C: Re\ > 0} C p(A) va ton tai hing s6 C' > 0 sao

cho vdi moi A € C, ReA > 0 va ImA # 0, ta cd ||Ry(A)||zx) < m

(i) Ton tai 6 € (0,5) va M > 0 sao cho Czi5 C p(A) va vdi moi
AE (C%_H;, ta co ”R/\(A)Hﬁ(X) < %
(iv) Niia nhom {S(t)}i>o khd vi véi moi t > 0 va ton tai hang so C > 0

sao cho ||S'(t)|| cxr) < & vdi méi t > 0.
Heé qua 1.1. Gid st H la khong gian Hilbert phic. Khi dé néu A : D(A) C
H — H la todan ti tu lien hgp va sinh ra Co—nia nhom co {S(t) }eo thi
{S(t)}+>0 la mita nhom gidi tich trén H.

Nhan xét 1.1. [[18], trang 119] Gia st {S(¢)}+>0 1& nita nhém lién tuc
manh (titc la Cy nita nhém) trén khong gian Banach X. Khi dé

(i) Néu {S(t)}i>0 1a giai tich thi n6 1a kha vi vd do d6 né la lién tuc
chuan.

(i) Néu {S(¢)}s>0 1a nita nhém compact thi né 1a lién tuc chuan.

Ta minh hoa phan ti sinh, nita nhém giai tich, compact, khé vi, lién

tuc chuan trong vi du sau:

Vi du 1.3. Gid st Q C R" la mién bi chan vé6i bien 092 du tron. Cho
X = Ly(Q), ta xét todn tit A = —A ¢6 mién xac dinh D(A) = H(Q) N
H?*(Q) C Ly(Q). Khi d6 —A sinh ra Cy—nita nhom giai tich, compact
{T(t)}+>0 trén X.

Ching minh. a. Truée hét ta ching minh —A sinh ra Cp—nita nhém co
tren X = Lo(Q). Tu két qua C§°(2) trit mat trong Lo () va C§°(2) nhing
lien tuc vao D(—.A), kéo theo —A xac dinh tru mat.

V6i moi A > 0, ta xét bai toan
Au(z) — Au(z) = f(x),

(1.17)
U‘aﬂ — 07
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& day u € D(—.A) la ham chua biét, f € Ly(Q2) da cho. Ham u € H'(Q)
duge goi 1a nghiem yéu ciia (1.17) néu va chi néu u € HY(Q) va

/()\uv + VuVo)dr = /fvdx, Yo € H'(Q). (1.18)
0 0

bDat Blu,v] = A [ uvdz + [ VuVudz. Khi d6 v6i moi u,v € () thi
0 Q

| Blu, v]| < \M/\uv|da¢+/|Vqu\d:c.
0 0

Ap dung bat ding thic Holder, ta co |Blu,v]| < Cllull grollvll gra)-
Thém nta, véi moi u € Hl(Q) thi Blu,u] => CH“H%{I(Q)’ Ap dung dinh
Iy Lax-Milgram, phuong trinh (1.18) ¢6 duy nhat nghiém u € H 1(Q). Theo
dinh 1y vé tinh chinh quy ctia nghiém ctia bai toan thi u € H*(€Q). Do d6
u e D(—A) = HY(Q)NH2(Q). Didu nay ching t6 ring véi méi f € Ly ()
thi bai toan (1.17) ¢6 nghiém duy nhat u € D(—.A).

Tiép theo, néu u 1a nghiém cia (1.17). Thay v := u vao (1.18), ta dugc

3 e+ [ 1VaPds = [ fude < 1ol
Q Q Q

Do d6 v6i v6i moi A > 0 thi [Jul|z,) < 51/ |lL.0)-

Theo ching minh trén, véi méi f € Ly(f2), ton tai duy nhat u €
D(—A) théa man (Al — A)u = f v6i moi A > 0 tuong duong véi
u = (M — A7 f = Ry(A)f. Diéu nay cho thay (0,+00) C p(—A),

1
them nita ||Rx(—A)||zx) 3 voi moi A > 0. Do d6 Ry(—.A) la toan

tir lién tuc va kéo theo Ry(—A) € L(Ly(2)). Vay Ry(—A) la toan ti
tuyén tinh déng. Ditu nay dua dén —A 14 toan ti tuyén tinh déng. Ap
dung Dinh 1y Hille-Yosida, ta thu dugc —A sinh ra Cy—nita nhém co trén
X = Ly(0).

IA

b. Tiép theo, v6i moi u,v € D(A), ta c6

(Au,v) = /Auvdaj = —/Vqudx = /uAvd:E = (u, Av)
0 0 0
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Do dé A 1a toan tii tu lien hop trén X = Ly(Q). Ap dung He qué 1.1, ta
thu dugec —A = A sinh ra Cy—nita nhém giai tich tréen X = Lo(€2).

c. Theo chiing minh trén thi —A4 = A sinh ra Cy—nita nhém giai tich
{T(t)}4=0 trén X = Lo(). Ap dung Dinh 1y 7.2.5 trong [56], ta thu dugc
toan tit A sinh ra Cy—nita nhém compact trong Ls(€2). Béi Nhan xét 1.1
thi —A = A sinh ra Cy—nita nhém lién tuc chuan tréen X = Ly(Q). O

1.7. Mot s6 kién thic cin ban ve do do khéng compact va anh xa nén

Gié st E 14 mot khong gian Banach. Ta ky hiéu Py(FE) la tap hop céc

tap con bi chan khéc rong ciua F.
Pinh nghia 1.22 ([45]). Mot ham ® : Py(E) — [0, +00) duge goi la do
do khong compact (MNC) trong F néu ®(cof2) = &(Q), VQ € Py(E), 6
day cof) 1a bao déng ciia bao 16i ciia 2. MNC @ trong F dugc goi 1a

(i) don dieu néu v6i VQy, Qs € Pp(E), Q1 C Qg thi () < P(29);
(ii) khong ky di néu ®({a}UQ) = ®(Q) véi Va € FE vavéi V2 € Py(FE);

(iii) bat bién doi véi hop ciia tap compact K C E va Q € Py(F), tic 1a
P(KUN) =d(N);

(iv) nta tuyén tinh dai s6 néu ®(2; 4+ Q) < B(Qy) + P(Q) véi bat ky
Ql, Q2 - Pb(E),

(v) chinh quy néu ®(2) = 0 tuong duong tinh compact tuong doi cta €.

MNC Hausdorff x(-) la d6 do MNC quan trong, n6 duge xac dinh béi
x(Q) =inf{e > 0: Q c6 mot € — luwéi hitu han} (1.19)

v6i 2 € Pyp(F).

Dua vao MNC Hausdorff y trén E, ta thé dinh nghia MNC theo day X°
xac dinh béi x° = sup{x(D) : D € A(Q)}, 6 day A(2) 1a tap hgp cua
tat ci cac tap con clia  ma c6 thé dém duge nhiéu nhat (xem [4, Muc
1.4.3]). V6i tat c& cac tap bi chan Q C E, ta ¢6 1x(2) < X°(R2) < x()
(xem [4, Muc 1.4.5]). Khi d6 ménh dé sau 13 hién nhién.
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Meénh dé 1.3. Cho x la MNC Hausdorff trén khong gian Banach E. Vi
tap con Q € Py(E) nao do, khi dé vdi bat ky € > 0 luon ton tai day
{zntnzy CQ sao cho x (1) < 2x({zn}ny) +e.

Cho C'([0,T7]; X) 1a khong gian Banach gom tat ca cac ham lien tuc xéc

dinh trén doan [0, 7] c6 gia tri trén X, v6i chuan |ul|c = sup [Ju(t)]x,
t€[0,7

u € C(0,T;X). Ta biét rang, khi X = R" do do MNC Hausdorff trén
C([0,T]; R™) duge cho béi (xem [4, Vi du 2.11])
1

D) =1 t) — " 1.20
xr(D) =glimsup  max flu(t) = u(s)lle, (1.20)

véi D C C([0,T];R"). Do do (1.20) ¢6 thé dugc xem nhu la modulus

clia cac tap con dong lién tuc trong C ([0, T1; R”). Nhung néu khong gian

C(lo,T]; X), v6i X 1a khong gian vo han chiéu, thi do do khong MNC

Hausdorff khong c6 dang (1.20). Tuy nhién, néu D C C([O, T1; X) la tap

con dong lien tuc thi x7(D) = sup x(D(t)). ¢ day x la do do MNC
t€]0,T]

Hausdortf trong X.

Xét khong gian BC'(R™; X) gom tat ca cac ham lién tuc bi chan trén
[0, 00) va ¢6 gia tri tréen X. Ki hiéu 77 1a toan tit han ché trén khong gian
nay, tic 1a mp(u) 1a gid tri ma v € BC([0,T]; X). Khi d6

Xo(D) = sup xr(mr(D)), D C B(R";X),
0

>

la mot MNC. Céac do do sau day (xem [8, 5]) ciing la MNC
dT(D) :SupsupHu(t)HX, dOO(D) :jlggodT(D)a

ueD t>T

X (D) = Xoo(D) + doo (D). (1.21)

Chiing ta c6 danh gia sau, c6 thé xem chting minh trong [45].
Meénh dé 1.4. Cho x la MNC Hausdorff trén khong gian Banach X. Néu
day {un};ey C L1(0,T5 X) théa man ||u,(t)| r,07m.x) < v(t) vdi moin va
hau khap t € [0,T)], ¢ day v € L1(0,T) la ham khong am. Khi dé

t t

X({/U”(S)dm = 2/X({un(t)})ds (1.22)

0 0
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vdi t € [0, T].

Gia st x 1la MNC Hausdorff trén X. V6i méi T' € L£(X), ta dinh nghia

x—chuan ctia T' (xem [4]) nhu sau:
|7, =inf{k > 0: x(T(Q?) < kx(Q), Q€ Bx}.

Ta c6 danh gia (xem trong [6]) ||T']|y < |7l zex)-

Ta nhéc lai nguyén 1y diém bat dong doi v6i anh xa nén, né sé dude st
dung trong chuong cudi.
Dinh nghia 1.23 ([4]). Cho p la MNC trén khong gian Banach E va
0#£DCcCE. Anh xa liéen tuc F : D — E dugc goi la anh xa nén tUng véi
11, néu véi VQ € Py(D) sao cho p(2) < u(F(Q)), kéo theo Q 1a compact
tuong doi. Ta noi F' 14 u—anh xa nén.
Dinh 1y 1.15 ([45], He qua 3.3.1). Cho D la mét tdap con loi déng bi chin
cua khong gian Banach E va cho F': D — D la mot u—dnh xa nén, ¢
day p la MNC don diéu, khong suy bién trén E. Khi dé

Fix(F)={x e D: = F(x)}

la tap compact khac rong.

Dinh 1y 1.16 ([14]). Cho Q2 la mot tap con khdc rong, bi chan, dong va
107 ctia khong gian Banach E va cho F : Q — Q la dnh za lién tuc sao cho
ton tai hang so k € [0,1) bat dang thic sau théa man u(F (D)) < ku(D)
vdi bat ki ) # D C Q tht F' ¢6 diéem bat dong trong tap €.

Vidu 1.4 ([4], Muc 1.1). Trong khong gian C'la, b] bao gom cac ham gia

tri thuc lién tuc trén doan [a, b] C R, gia tri cia ham tap y trén mot tap
bi chan ) dugce xac dinh bdéi
1

x(Q?) = = lim sup max ||z — x|, (1.23)

2 0—0 pe 0<T<6
& day | - || 14 chuan trén Cla, b], z, ky hiéu 14 7—phan bo cia ham x, xAc
dinh nhu sau:
r(t+7), ntua<t<b-—r,
z(b), néub—7<t<bh.

x.(t) =
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Chitng minh. Ta chon mot s6 € > 0 tuy § va xay dung [x(92) + €]—1udi
hitu han @ ctia tap bi chan Q trong Cla, b]. Cho x € Q, lay y € @ sao cho
|z —y| < x(Q) +e Lay 6 > 0 va 7 € [0,d], khi d6

lz = 2|l < llz =yl + lly =yl + llyr — 2]
< [12llz =yl + lly = v-|

< () + 2 — .
__x(%%€+%gggﬂy Yr||

Vi va — ]| < 2x(Q) + 2 —y,]|. Cho § — 0
1V@Y§E§{E§§”m zr|| < 2x(8) + 2¢ + max max |ly — || Cho

va st dung tinh dong lién tuc ciia ho hitu han cac phan ti trong (), ta thu

duge lim sup max || — x| < 2x(€2) + 2¢. Béi € la tuy §, nén ta c6
0—0 e 0<76

1
—limsup max ||z — x| < x(9). (1.24)

2 60 peq 0<78
Bay gio ta gid thiét rang cac ham x € Q duge md rong tir doan [a, b] t6i
toan bo tap so6 thuc R nhu sau:
r(t) =x(a) néut < a,
x(t) =x(b) néut>0b.

Ta dinh nghia toan tu Ry va P, v6i h > 0, xac dinh bdi

(Ry)(t) = %(max{x(s) :

r€[t—h,t+h|} +min{x(s): s€t—h,t+ h}}), (1.25)

(Po)(t) = — / 2(s)ds. (1.26)
2h

Khong qui khé dé thiy rang tap P,R,(€Q) 1a compact tuong dbi trong

Cla, b]. Khi d6 ta c6 thé két luan duge rang né thiét 1ap mot L —1udi clia
tap €2, 6 day o5, = sup max ||x — z,||. Ta thay réng

zeQ) 070
. t+h . t+h
| PRy — || = max | /(th)(s)ds ~ o7 / :U(S)ds|
t—h t—h
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t+h
< o [ [(Fa)(a) — o)l ds (1.27
—h

t

Néu |t — s| < h, thi hién nhién ta c6
min{z(7): 7€ [s—h,s+ h|} <z(t) <max{z(r): 7 € [s—h,s+ h|}.

Tit do |(Rpz)(s) — x(s)| < g5 max [lz — .|, suy ra [(Rpw)(s) — 2(s)| <
Bh Tu ket qua nay va tir (1.27), ta suy ra rang x(2) < 2t Cho h — 0,
ta thu ducc

1
x(Q) < = lim sup max || — x| (1.28)

— 2650 reQ 0<7<0

Tu (1.24) va (1.28) ta thu duge diéu phai chiing minh. []

Vi du 1.5 ([2]). Cho toan tit F': L,(RY) — L,(RY),1 < p < oo xac
dinh béi

F(u)(@) = f (. 0(a)) + [ K.y)(Qu)(p)dy.

& do f,k va @ théa man cac dieu kién sau:

i) f: RY x RY — RY thda man diéu kien Carathéodory, titc 1a f(-,t)
1a ham do dugc véi bat ki ¢ € R va ham f(x,-) lién tuc v6i hau khap
z € RY, ton tai hing s6 A € [0,1) va u € L,(R"Y) sao cho
|f(@,t) = fy,5)] < Jul(@) —uly)| + At — s,
v6i bat ky ¢, s € R va v6i hau hét z,y € RY.
(i) f(-,0) € Ly(RY).
(iii) £ : RY x RY — R théa méan diéu kien Carathéodory va ton tai

g1, 92 € Ly(RY), g € Ly(RY) (5+, = 1) sao cho |k(z, y)| < g(y)g1(x)
v6i tat ca x,y € RY va

. Va1, x9 € RY.

k21, y) — k(22,9)| < 9(y)|g2(x1) — go(w2)

(iv) Toan tit Q : L,(RY) — L,(RY) va ton tai ham ¢ : RY — RY khong
giam sao cho [|Q(w)|r, wyy < ¥ ([Jullr,®y)) v6i Vu € L,(RY).
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(v) Ton tai sd thuyc duong o thda man bat dang thic
A+ 0K+ L6 0) gy <7
g day
K(t) = [ hla,y)u()dy

RN
v Kl = sup{[[Kull, @ ¢ ullz, @) < 13-

Bay gio ta xac dinh do do wy (xem [2, Dinh 1y 2.2]).

Chol <p<oovaf)C LP(RN) bi chan. Khi d6 v6i moi z € Q) va
e > 0, ta dat

w' (@, €) = sup{[[mhz — x5y ¢ [hllry < €},

wh (9, €) = sup{w! (z,€) : = € Q},

wh(Q) =limw! (Q,€), w(Q) = lim W’ (Q),
) =

e—0 T— 00

d(Q2) = hm Sup{HxHL ®RM\By) - T € Q},

6 day 7n.f(z) = f(x +h), f € Q véitat cd ,h € RY; By = {x € RV :
|z|lgx < T}. Khi d6 wp : Pp(L,(RY)) — R x4c dinh béi
wo(§2) = w(§2) +d(Q)

1A mot do do MNC tren L,(R™). Hon niia, wy 1a chinh quy (xem [2, Dinh
Iy 2.3]). Ung véi do do wy thi F' c6 diém bat dong trong L,(RY) (xem [2,
Dinh 1y 3.2)).
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Chuong 2

BAI TOAN BIEN BAN DAU POI VOI PHUGNG TRINH
HYPERBOLIC NUA TUYEN TINH TRONG TRU KHONG TRON

Trong chuong nay, ching toi st dung phuong phap xap xi Galerkin va
cac dinh li nhing trong cac khong gian Sobolev dé khang dinh su ton
tai duy nhat nghiém yéu toan cuc ciia bai toan gia tri bién ban dau thi
nhat doéi v6i phuong trinh hyperbolic nita tuyén tinh bac cao trong céc
tru khong tron tong quat. Két qua dat dugc thé hien qua viéc gidi quyét
duoc mic do phic tap clia 16p cac ham phi tuyén déng vai tro thanh phan
nhiéu dugc xét trong phuong trinh ctia bai toan.

2.1. Thiét lap bai toan

Gid st 2 C R" (n > 2) la mién bi chin ¢6 bien 02 khong tron, ta ki
hiéu hinh tru hitu han Q7 = Qx (0,T) ¢6 Sp =00 x (0,T), 0 < T < +00
va hinh try voé han @ = € x (0,00) ¢6 S = 92 x (0, 400). Trén @, ching
ta xét toan tu vi phan L c6 dang

Lu = Z Do‘(aag(:c,t)Dﬁu), (x,1) € Q, (2.1)

0<|al,|B[<m

5 d6 anp € CHQ), |af,|8] =0,1,--+ ,m va

aap(z,t) = (=1) N Plag (z.1), |al, 18] =0,1,--- ,m, (z,t) € Q.

Ta luon gid thiét rang ton tai hang s6 duong 6 sao cho

Blu, u: ] = / S (~D)lags(e, ) D uD u > Blully,
al81<m

(2.2)

thoa man véi moi u € H™(Q) va véi vt € [0, +00).
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Chung ta xét bai toan sau:

Ut + (_1)mLu + F(CE,t,U, DU, T 7D2m_2u) — h7 (ZE,t) < Qa (23)

u(z,0) =0, w(x,0)=0, re, (24)
o
—1 =0 =0,1,--- —1 2.5
ay] S Y ] Y Y 7m J ( )
o’ )
é do B ky hiéu dao ham riéng cap 7 theo vecto don vi huéng ra ngoai
v

S. Ham h : (Q — R 1a ham da cho, ham phi tuyén téng quat F c6 dang
F = Z (—1)|O‘|DaFa(x,t,u, Du,---, D™ "), (x,t) €Q

0<]a|<m—1
L a N 0A .
trong d6 ton tai ham A = A(x,t,v,, |a|] < m —1) sao cho F, = Do lien
Vo
tuc trén () va thoa man cac diéu kién sau:
|Fo(z,t,v0, 01, , Um—1)| < C(l + Z |fua|p+1), (2.6)
la|<m—1
véi tat ca t € [0, +o0), x €
|F0z($7 t? Vo, U1y * 7vm—1) — Fa(xa ta Wwo, Wi, * - 7wm—1)|
<C ) (4ol +lwal”)|va —wal;  (2.7)
la|<m—1
0A
_ by.
Sl=o(i+ X l): (2.8)

lo| <m—1

A(x,0,0,---,0) =0, /A(x,t,u, Du, -+, D™ tu)dx >0 (2.9)
Q
v6i hau khép ¢ € [0, +00). O day 2 <p < -2 khin >2va 1< p < +oo

khi n = 2.

Dé minh hoa su ton tai cia ham F' théa man cac diéu kién néu trén, ta

)

xét ham F' c6 dang

ou
8,’13@'

ou
(9:);5

"0
F(z,t,u, Du, D*u) = u|ul? — Z o (
i=1 i
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s ou|ou P

v6i % < p < —=5,n > 2. Ta thay rang Fy = ulul’, F}; = 9z O (1 =
L,-+-,n) va
1 1 | Ou |pt+2
Az, t,u, Du) = ——|uP*?* + -
0A 0A
Ta thu dugec Fy = —, F1 = —. Hon niia
81}0 87}1

Fy(z, t,u, Du)| < [ulP™,  |Fu(z, t,u, Du)| < C|DulP™,i=1,--- n.
| ) J Y

Nhu vay £y, Fy théa méan diéu kién (2.6). Viéc khang dinh céc thanh phan
Fy, Fy ctia F théa man (2.7) dude dya vao bo dé sau

Bo dé 2.1. Cho v, w la cdc s6 thue. Khi dé vdi bat ki oo > 0, ta co
[[v]* — Jw|*w| < (a + 1) max {|v], [w]}"]v = w],

vdi moi (v, w) € R x R.

Van dung Bo dé 2.1, ta c6

|Fy(x,t,u, Du, D*u) — Fy(x,t,v, Dv, D*v)| = ’u|u\p — U\U|p|
< C(lul? + o) Ju — o,
Chiing minh tuong tu d6i v6i Fy. Dé dang thay rang A(x,t,u, Du) thoa
man cac dicu kien (2.8) va (2.9).
Ta dinh nghia khong gian Sobolev HI"'(Q) bao gdm tét ci cac ham u

xac dinh trén @ théa man u € Ly (0, oo; ﬁm(ﬂ)),ut € Lo (0, 00; Ly(£2)),
Uy € Lo (0, 00; H‘m(ﬂ)) v6i chuan

lull sy = Nl (0.00:Em(2) ) Hluell, (0.00:L2(9)) Hluall, (0.00:H-m(02))”

Tuong tu, thay vi xét t € [0,00) ta xét t € [0,T] (0 < T < 00), ta c¢6
khong gian Sobolev HI"' (Qr) v6i chuén ||u]

H"'(Qr)
Bdi ky hiéu (-,-) ta xac dinh cip phan ti tuong ting thudc Hm(Q) VA

H™"(Q), ky hiéu béi (-, ) 1a tich trong trong Ly(€2).

Dinh nghia 2.1. V6i mdi h € Ly(0,00; L(2)), ham v € H™'(Q)

duge goi 1a nghiém yéu toan cuc ctia bai toan (2.3)-(2.5) néu u(x,0)
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0,u:(z,0) =0, z € Q va dang thiic
<utt(t)7v> —|—B[U(t),’(},t] + Z (F('7t7u7 DU, 7Dm_1u)7DaU)

0<|a|<m—1
= (h(-,t),v) (2.10)
théa man véi tat cad v € H™(2) va hau khip t € [0, +00).
Thay vit € [0,00) taxét t € [0,T] (0 < T < 00), ta néi v € H" (Qr)
la nghiém yéu dia phuong ciia bai todn (2.3)-(2.5).
2.2. Su ton tai va tinh duy nhét ctia nghiém yéu dia phuong

Trong muc nay, ching toi chitng minh sy ton tai va tinh duy nhat cta
nghiém yéu dia phuong ciia bai toan (2.3)-(2.5). Dé khang dinh diéu nay,
ta lay {w;(2)}2, € H™Q) N Ly(Q) 1a co 88 tryc giao ciia H™ (L)), dong
thoi 1a co s trie chuan ctia Lo(€Q). Ta ¢6 dinh N € N* va tim ham

u (1) = Zgi(t)wi, te 0,71, (2.11)

6 day ta c6 ¥ mudn lya chon cac hé s6 ham ¢;(t), 0 <t < T < +o0, i =
1,2,---, N théa man

9:(0)=0, (=12---,N) (2.12)
9;(0) =0, (i=12--- N) (2.13)
(g (t),wi) + Blu™ (1), wis
+ Z (Fa(',t,uN,DuN, . ;Dm_luN),Dawi) _ (h(-,t),wz-) (2.14)

la|<m—1

voii=1,2,---  Nvate|0,T]. V6imbéi k=1,2,--- N, taco

N
(upy (t),wr) = g"x(t),  B™(t),writ] = Bul(t)gi(t), (2.15)
=1
trong do6 Blk(t) = B[wl, Wk t]. Dat
fe) = Y (Falt,u”, Du, - D" '), Dwy), (2.16)
la|<m—1

hi(t) = (h(-,t),w). (2.17)
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Tu (2.14)—(2.17), v6i k = 1,2,--- N vav6i t € [0,00), ta c6 hé phuong
trinh vi phan thuong

+ZBH€ gi(t) + fu(t) = hu(t). (2.18)

Ap dung cac két qua dat duge vé su ton tai nghiem ctia phuong trinh vi
phan thuong [12], ludn ton tai cac ham gp (k = 1,2,---, N) théa man
(2.12)—(2.14), la nghiém ctia (2.18) v6i 0 < t < T < 4o00. Nhu vay ta da
chitng minh dudc ring v6i méi s6 ty nhien N € N*, ton tai ¥ (¢) c6 dang
(2.11) va (2.12)—(2.14) thoa man.

Tiép theo, ta chitng minh bat ding thitc nang lugng ddi véi ul¥ (t) co
dang (2.11).
Dinh 1y 2.1. Cho h € Ly(0,T; Lo(2)). Khi dé vdi méi ham u™ (t) c6
dang (2.11), ton tai hang so duong C' chi phu thuoc Q, T va cdc hé so cla
toan tu L sao cho

esssup (||uff (8)llg-n@ + 1w ()o@ + 16V Ol o)

0<t<T
2
< 0(1 + Il (o,T;LM))' (2.19)

Chitng minh. 1. Tu (2.14), ta nhan cd hai vé v6i ¢i(t) va lay tong theo
i=1.2.- N, khidé

(utt( ), u ( )) +B[ N( t), Uiv(t)Qt]

+ Z St DU DY) DY) = (B, 1), ulY).
jaf<m
G ey N N d (1 N 2 N1 2 2 - £
Chua y ring (uj (¢),uy () = %(5”% (t)HLQ(Q)> va béi gia thiét
0A

A=A t o) < _]-7 Fa:—7
(x,t,v0, v, |a] <m ) 9o
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ta co

Z Ey(z, t,u™, Dul, - ,Dm_luN),Do‘uiV)
la|<m—1
d 0A
:%/A(x,t,uN,DuN , D"y ) da:—/a—
Q Q

T cac dang thic thu dude & trén, ta co

d
%< (e ||L2 /AZC t,u’, Du® , D™t N)dm)—I—B[u 1]

= | = —(z,t,u™, Du, - D" do + (h(z, ),y ). (2.20)
0

Vi agp(x,t) = (=Dl Blag (2,1), |al,|8] = 0,1,---,m, (z,t) € Q nén
ta co

%B[u u®:t] = 2Bu  ul ;1]
/ Z )™ a0 (-, ) DU DPuN d.
al 8T<m
Do do
Blu™(1), ) (1):1] = < (£ Bl (1), " (0):1])
di \2
—%/ Z (=)™ gy g (-, t) DU DPuN di.
Q lallsl<m

T gia thiét a,s € C1(Q), 4p dung bat dang thiic Holder, ta thu dugc
d /1
Bl (0).u¥ (0):] > 2 (5Bl (1), wV (0):1]) = ClaV (@)l gy (221

Ap dung bat ding thic Cauchy d6i véi hang ti cudi bén vé phai cta (2.20),
ta co

(.0, 0)] < 5 (IO ) + 1 O 0) . (222)

l\DlH
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St dung (2.8), tiép tuc danh gia hang t1t dau tién bén vé phai ctia (2.20),
ta dudc

0A
|/E(a:,t,uN,DuN,--- ,Dm_luN)da:|
Q

§C(1—|— Z /]D“uN|pd:c>.

la|<m—1 ¢
Nhan thay ring v6i moi da chi s6 a véi || < m — 1, ap dung bat dang

thic Holder va tu % <p< %, ta co

[ 10w s <UD O, 0, < CID ()
Q

p

N P
< Cla™ DI, 0
Suy ra

A
‘/a—(az,t,uN,DuN,-“ ,Dm_luN)dx} < C(L+ w10
o (€2)
0

Ta nhan thay véi 2 < p < -2-n > 2 va v6i C > 0 nao d6 thi 2? < 22 +C

dingvéiz >1varz =0.Connéul0 <z <1thi0<z’<1lval<a’<l
nén luon ton tai hang s6 C' > 0 de a2 < z? + C. Béi lap luan nay, ta cé

™ (O < N Oy + C-

2
Vi vay

DA .
‘/E(x,t,uN,DuN,--- D 1uN)dx( < O+ [N O ). (2:23)
Q

Két hop (2.20)—(2.23), ta thu duge

d
(s ()13 + Bl w5 1] + / e t,u®, D, D" d)
Q

< 1+ 1R 0 + 1 0y + 1Y O3y |- 229



48

Lay tich phan tit 0 dén ¢ ca hai vé cua (2.24), ta duge

o ()10 + Bl (0, u™ (28] + 2 [ Al b, D, D"

t
<C [ (1 1RO o + 0 (5 + N (o)
0

2
< C(T)(l + Hh||L2(0’T;L2(Q))

t

+/(Huiv(5)|’%2(m + HUN(S)H2om(Q))ds).

0

St dung gia thiét (2.9), ta c6 tu danh gia trén rang

Juf (o) + Bl usd] < OO (L Il (s

t
[ )0y + 1Y 6 ) d5).
0

Tit gid thiét (2.2), bat dang thitc trén dua dén
¥ O 0y + 1 ()
t
< O+ iy + [ T s+ 1 () ]
(2.25)

Dat £(s) = [luY ()17, + ||uN(s)||§Im(Q), bat dang thic (2.25) chuyén
thanh

60 < OO L+ IR (o + [ €6

Ap dung bat ding thic Gronwall dang tich phan, ta 6

£(t) < C(T) (1 + Hh||i2 (O,T;LQ(Q)>) (1 4 C(T)GC(T).T>

<O@H I ()
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T cach dit cia £(s), ta thu duge

o )y + I O oy < C (1121,

Lo O,T;Lz(Q))) ' (2.26)

Do do,

esssup (1 ()13, o+ )G < COHHIRE (o) 2:27)

0<t<T
2. Tiép theo, véi mdi v € H™(Q) thoa man [[v] g < 1, khi d6 véi
bat ky N € N*, ton tai vy € Span{wi}i | v vy € (Span{cuk}{C\;l)L Sa0
cho v = vy + vy. Hién nhién ta c6 [v1]l gy < 1 va (v2,wy) = 0 véi
Vk=1,2,--- N. Tu (2.14), ta c6

</U“7]5¥7/U> — <ug,1}1> - = Z (Fa('7t7uN7DuN7”' 7Dm_1uN)7DaU1)

la]<m—1
+ (h(-,t),v1) — Blu",vi;t]. (2.28)

Trong dang thic (2.28), ap dung bat dang thitc Cauchy va st dung (2.6),

ta c6 danh gia sau:

Z |(Fa(-, t,u, DV, - ,Dm_luN), Do‘ful)‘

la]<m—1
Z /\F Lt DU DTN | Dy |da
|a|<m 19
<(C Z /‘F ,Dm_luN)}zd:U—l—/|Dav1|2daj)
la|]<m—1
<o Y / (1+ 3 1D%6N P de+ o }
o <m—1 |Bl<m—1
<c ¥ (1+ /|Dﬁ V)
la|<m—1 |B|I<m—1
2p+2
e |<Z 1(1+||u Ol A (2.29)

Béi 2 < p < %, ap dung Dinh Iy 1.4, H™(Q) = W 422(Q) —
Wm=1242(Q), kéo theo [[u™ (8) irm-ramsziay < Cllu ()] jm - Titc

[ O s sy < Cll™ @1

Wm 1 2p+2
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Ap dung (2.26) va do h € Ly(0,T; Ly(R)), ta thu dugc

2p+2 2p+1
[ (O gy = I O 1" @ i)

2
= C<1 + HhHL2 (O,T;LQ(Q)>)

< Cllu™ ()] gy

2p+1
1™ ()]

Ta ¢6 tir (2.29) rang
Z ‘(Fa('atqu7 DuN7 U 7Dm_1uN>7 DaUl)‘ S C<1 + ||uN”Hm(Q)>’

fal<m-1
Thém nita, st dung bat dang thiic Holder, ta co
(1), )] < ClRO ey, Bl 058 < a0l oy
Tt cac danh gié trén, ta thu duge tir (2.28) danh gia
[l 0)] < C(1+ 1l zag@) + 10" gy )
Do do

lu™ (O]l -miy < C(1+ HhHLQ(O’T;Lz(Q)) + ([ ()] jgmey)-

Ap dung bat ding thic Bunhiacopxki va st dung (2.26), ta thu dugc

N 2 2
o )iy < C(LH RIS (o) (2.30)
Diéu nay dua dén
N 2 2
esssup ||uy, (O)||5-moy < Cl1+ ||h . 2.31
5550 4} () r-miey < C(1+ IR (o) (2.31)
Tir (2.27) va (2.31), ta thu duge (2.19). O

Trén co s6 ap dung tinh chat clia hoi tu yéu va cac dinh 1y nhtng trong
cac khong gian Sobolev, ta khang dinh su ton tai va tinh duy nhat nghiém
yeéu dia phuong ctia bai toan (2.3)—(2.5).

Dinh 1y 2.2. Véiméih € Ly(0,T; Ly(S2)), bai todn (2.3)— (2.5) ¢ nghiém
yéu dia phuong u € Hf”(QT) va

2 2
gy < C(LHIRIE o)) (2.32)

d C' la hang so6 duong doc lap vdi u va h.
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Chiing minh. 1. Tit (2.19), cac day {u®™ }S_;, {u I, {u }3_ | tuong
ting bi chin déu trong céc khong gian Banach tach duge Lo (0, T Hm(Q)),
Loo(0,T; Ly(2)), Loo (0, T; H™(Q)). Néi rieng doi véi {u” }35_; thi ton
tai day con, khong mat tinh tong quat, ta van ki hieu béi {u™1S_; va u
trong Lo (0, T'; Hm(Q)) sao cho u = u  trong Le (0, T; Hm(Q)) Khi
do

{uiv 2wy trong Lo (O, T LQ(Q)), (2.33)

ull S uy trong Lo (0,T; H™(Q)).
Them nita, tir (2.26) va (2.30) v6i hau khap t € [0,T], ta c6
(N () —u(t) trong H™(Q),
(1) — w(t) trong Lo(€2), (2.34)
LUy (1) — uy(t) trong H™"(€2),

2. V6i u dugc chi r6 6 trén, ta chitng minh « théa man dang thic

(U, v) + Blu, v; ]
+ Z (Fa(°,t,u, Du, - - - ,Dm_lu)>Dav> = (h(:1),v)

la]<m—1

v6i tat ca v € H™(S) va v6i moi ¢t € [0, T]. That vay, véi [ € N* tuy v da
! l
dugc ¢6 dinh [, ham v € H™(Q) dugc lya chon ¢6 dang v(x,t) = > wi(x).
k=1
Ta chon s6 nguyén N > [ va lay tong theo k = 1,2,--- , N trong (2.14),

ta thu dugc

(upy,v) + Blu",v;t] — (h(-,1),v)
Z (Fa(-,t,uN,DuN D™ LNy, Do ) (2.35)
la|<m—1
bat F(u)(v) == (usy, v)+Bu,v;t]— (h(-,t),v). Bsiu® (t) = u(t) trong

H™Q), vaud (1) — uy(t) trong H m(Q) nen Blu (t),v;t] — Blu(t),v; ]
va (upy (t),v) = (ur(t),v). Vi vay ta thu dugc

F(u™)(v) — F(u)(v) khi N — oo. (2.36)
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Bay gi¢ ta khang dinh
(Fal-,t, u™, Du® - D", DY)
— (Fu(-, t,u, Du, - - - ,Dm_lu).Do‘v),
Mubn vay, ta xét
(Fa(:,t, u™, Du” - DN, DY) —(F, (-, t,u, Du, - -, D™ ), D).
Ap dung (2.7), ta c6

!(Fa(', t,u’, Du” - D" N, DY)
— (Fo(-,t,u, Du, - -+, D™ ), Do‘v)‘

< (¢ > (14 D+ [Duf) | DN — Dul, D)
la|<m—1
—c Y /(1 D" + | D*ul?) | D4 — Dul|D%|da
la|<m—1

=C Z /\DauN—DO‘uHDO‘U\da:

la|<m—1 ¢
o Y /|Do‘uN|p|DO‘uN _ DOu||D|dx
la|<m—1 @
o Y /\Dauyp\pauN _ Do D] dax
la|<m—1 @
= J1 + Joy+ Js.

Ap dung bat déng thic Holder va Dinh 1y 1.5, ta c6

/ DN — Dl [ Dv|dw < || D (u™ (1) = u(t))]| o 1DV agen
Q
< Oflu®(t) - U(t)||ﬁm—1(g)||v||ﬁ1m(ﬂ)-

Vivay i < Ol () = ut) | o 1ol

Tiép tuc, v6i da chi s6 a (Ja| < m — 1), ap dung bat dang thiic Holder
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2n

VOl py = n,p2 = 2,p3 = =5, ta ¢o

/\Do‘uN|p\Do‘uN — D%||D%v|dx

0
wp , \ P 2 o\
< K/(\Do‘uN]p) pdx) } (/]DauN—Do‘u\Qd:c> (/\Do‘vlﬁdx)
Q Q Q
— DY O, 107 (0 () = () || D
Béi 2 <p<m,taco

o N p o, N p N b
Do), = ClID " (O o) = Cllu™ O )

D (u™ (t) = u())[| ) < Cllu™ () = ul) fm-1 0y
Da’UﬂL n () < Cl DaUHﬁp(Q) < CHU”HW(Q)

2
n—

2

Vivay Jo < C|lu (1)
tu nhu Js, ta thu ducc

D N . .
T < Olfu(t) [y 1™ (1) = 0@l o1 gy 101 0

m(Q) [u™ () —u(?) ||}°[m—1(Q) ||UHﬁ[m(Q)- Lap luan tuong

T cac danh gia doi véi Jy, Ja, J3, ta cé
|(Fu (- t,u™, Du®, - D" '), D)
— (Fy(-,t,u, Du, -+, D™ ), Do‘v)‘
< O+ [ Oy + O ) 107 (E) = ) s [0

Bdéi (2.19), HuN(t)HIf_,m(Q) < 400 va ciing vi v € H™(Q) neén ta ciing c6
0] g () < +00. Do d6

|(Fu (- t,u®, Du®, - . D" '), D)
— (Fy(-,t,u, Du, -+, D™ ), Do‘v)‘
< Cllu™(t) = w(t)|| s -
Ap dung Dinh Iy 1.5, H™(Q) < H™1(Q). Vi vay, néu v — u yéu trong

H™(Q) thi v~ — u manh trong H™ (Q) (ciing ¢6 thé xem [65, He qua
8.86]). Tur két qua nay, khi N — oo, v6i hau khap ¢t € [0, 7], ta két luan

com
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ducdc rang
(Fu(,t,u™, Du, - D" 1Y), D)
— (Fo(-,t,u, Du,--- , D™ ), D), (2.37)
Két hop (2.35), (2.36), (2.37), véi moi v € H™(Q), ta ¢6
(ue(t),v) + Blu(t),v; t] + Z (Fa(-,t,u, Du, - - - ,Dm_lu),D%)

la[<m—1
= (h(-,1),v), (2.38)
3. Tiép theo ta phai ching minh u(z,0) = 0,us(z,0) = 0, = € Q. De
thuc hien duge diéu nay, ta lua chon ham v € CQ([O, T; Hm(Q)) sao cho
v(T) = v(T) = 0. Ta c6 thé khang dinh luon ton tai ham v théa méan
diéu kien chi ra, chang han v(z,t) = (1 + cost)w(z), t € [0,7]. Véi ham
v dude chon, ap dung tich phan timg phan, ta thay rang
T T

/ (s (£), v(8))dt = — (us(0), 0(0)) + ((0), vi(0)) + / (u(t), vie(1)) .
Do dé (2.38) duge bién déi thanh

/ vy (1 )) + Blu(t),v(t); t])dt

+ Z /( - t,u, Du, - ,Dm_lu),Do‘v>dt

la|<m—17,

/ Dt + (s(0), 0(0)) — (u(0), v (0)). (2.39)

Tuong tu, ta ciing thu dugc

T

[ (G0, @) + Bl 0), 00 )

0

+ > /( (-, ¢, u™, Dul, - DmlN)DO‘>d

la|<m—17,
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(h(z,t),v(t))dt + (u; (0),v(0)) — (u"(0),v:(0)).

St — 5 TT—

(h(z,t),v(t))dt.

Qua gi6i han khi N — oo, ta thu dugc tit dang thic trén rang

(2.40)

Tit (2.39) va (2.40) va béi v 1a bét ki nén v(0), v/'(0) 1a tity ¥. Do d6 ta c6
u(x,0) = 0,u(x,0) =0, = € Q.

4. Cudi ciing, tt (2.19), cho N — o0, |‘UH§{;M(QT) = C<1+Hh”i2(o T~L2(Q))>.

Dinh ly 2.2 dugc chiing minh. []

Dinh ly 2.3. Vi méi h € Ly(0,T; Lo(Q)), bai todn (2.3)—(2.5) 6 duy
nhat nghiém yéu dia phuong u € Hinl(QT)

Chiing minh. Trude hét, ta gid thiét ring wi, ws € HY"' (Qr) 1a cac nghiem
ctia bai toan (2.3)—(2.5). Khi d6 bai toan

(utt -+ (—1)mLU
+ Z (_1)|Q|ﬁa(w17w27D7”' 7Dm—1) :Otrong QT

) la|<m—1
u(z,0) =0, w(x,0)=0 trén Q
u

\WST:(L ST :aQX(O,T)

nhan u € Hf"l(QT) la nghiém yéu dia phuong. Trong d6 u = w; — wq va

~

Fa(wlaw27D7”' aDm_l)
= F(x,t,w, Dwy, -+, D™ Ywy) — Fy(x,t,we, Dws, -+ -, D™ Lwy)
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Dinh 1y 2.3 duge ching minh, néu ta ching minh u(t) = 0 tren [0, 7.
That vay,
1. V6i moi s € [0; T] da duge ¢d dinh, ta dit

o(t) = tfsu(f)df néu 0 <t<s

-]

néeus<t<T.
Khi d6 véi méi ¢ € [0,T], v(t) € H™(). Ta ¢6

<utt(t),v(t)>+3[ (£), v(t); ]
Z ( (w1, ws, D -,Dm_l),DO‘v> = 0. (2.41)

|af<m

Lay tich phan c4 hai vé ctia (2.41) theo bién ¢ trén [0, s],s € [0,T], ta c6

S

/ (<Utt(t)a v(t)) + Blu(t), v(t); t])dt

0
— Z /( (w1, ws, D, - -,Dm—l),D%)dt:o.
la|<m—17

T u(0) = 0,v(s) = 0 va lay tich phan tung phan theo bién ¢ cho hang
tt dau tién & vé trai thi dang thiic trén duge bién doi thanh

S

/ ( o (Ut(t), Ut(t)) + B[u(t)) U(t); t])dt

0

. /( (i@, D, -+, DY), D) dt = 0.

la|<m—17,

Do v(t) = —u(t) v6i 0 <t < s nén ta co

((ut). u(®)) = Blon(t), v(t): 4] ) d

o,

+ > /S(ﬁa(wl,wQ,D,...,Dm—l),D%)dt:o.

la|<m—17
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Tit as(z, 1) = (~1)ag,(2,0) (lal,[8] = 0,1, \m, (2,) € Qr) va
(ue(t), u(t)) = 2 (%Hu(t) ||’7;2(Q)), d&ng thitc tren chuyén thanh

[ S (GO o) = 5B, o(0: 1)t

0

Ly /( (1,0, D, -+, DY), D) di

|a|<m 1 0

—1D)layg D% Ddzdt.  (2.42)

0 ja, !ﬁ\<m

Vi u(0) = 0,v(s) = 0 nén ta c6 tur (2.42) rang

(s 0 + ;B[ (0), v(0): 0

Z /(Fa Wi, wa, D, -+ ,Dm_l),DO‘v)dt

Hm
_ = 5 // Z aﬁtDO‘vDﬁvda:dt (2.43)

jal,[B]<m
Tw (2.2), ap dung v6i t = 0, ta ¢6

Cllv(0)]|%,, .. < Blv(0),v(0);0]. (2.44)

(2)
St dung (2.7), lap luén nhu trong chiing minh ctia Dinh 1y 2.2, ta c6
‘(ﬁa(wlaw%Da T 7Dm_1)7DaU)‘
< C(1+ [ g + 12O 0 ) 1Dl 0] o
T (2.32), ton tai cac hang s6 duong C, Cy sao cho
p p
(Ol ) < Crr la®)Ey g < C:

va chi § rang véi bat ky da chi s6 a,|a] < m — 1, luon ton tai hang s6
duong C,, dé sao cho || D*u(t)| 1, < Cal| D" u(t)]| 1, (- Khi do

‘(Fa(wlaw% Da T aDm_l)a Dav)‘ < OHDm_lu(t)HLz(Q)”v(t)HHm(Q)
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Ap dung bat déng thuc Gagliardo—Nirenberg, ta khang dinh dudc rang

1D u(t)] Ly < CID™ult )HL HU( )H ) < Cllu@)] ofm [u(ONZ, o
Do do

T m— o 1_% %
|(Fa(wi,wa, D, -+, D™ 1), D)| < ClluN gy O £y [0 gm0

1

St dung (2.32), ton tai hang s6 duong K sao cho [|u(t )Hllr{m“(lm < K. Do

d6, ta két luan duoc rang
}(Fa(whwg,D, e ,Dm_l),Do‘v)‘ < CHv(t)Hﬁm(Q)Hu(t)HLi(Q). (2.45)

Thém nita, béi ans € C1(Q7), nén ta co

// Z 45D vDﬁvdxdt‘<C’/||v HHm )dt. (2.46)

|al,|8]<m

Tu (2.43)—(2.46), ta két luan rang

lu(s)1 250 + 10O g <C /||v M m o IIU()H @dt

2
" / [0(E)1Zpy e
0

/ (@) 0y + 10(8) 2 )t (247

t
2. Tiép theo, ta dat w(t) = [u(§)dE voi 0 < t < T. Tu chd v(0) = w(s)

0
va u(t) = w(s) — w(t), (2.47) trd thanh
lu(s)2y0) + lw ) m

)
< C [ () = 0Oy + NulDIIF ). (248)
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Tit danh gid ||w(s) — w(t)||%,
dua dén

< 2 2 |
) < 2w g T 2O, g (248)

lu(s)lZy@) + (1 = 2C18)[w(8) | g

<O [ (IOl fyqy + 1Ol o))
0
1 .
Chon 77 dua nho sao cho 1 — 277C > 7" Khi d6 neu 0 < s < T3 thi

Ju(5) )+ 1N gy < C [ () + IOy )
0

Ap dung bat ding thitc Gronwall trong B6 dé 1.4, ta thu dude u(t) = 0
trén t € [O, Tl]

3. Lap luan tuong tu nhu trén doi véi cac khoang |11, 211], [2171, 3T1], - - -
thi ta thu dugc v = 0 trén [0, 7. O
2.3. Su ton tai va tinh duy nhat ctia nghiém yéu toan cuc

Trong muc trude, ta da khang dinh su ton tai va tinh duy nhéat cta
nghiém yéu dia phuong ctia bai toan (2.3)—(2.5). Trong muc nay, ta sé
chitng t6 su ton tai duy nhat ctia nghiém yéu toan cuc ctia bai toan. Tu
cac Dinh ly 2.2 va Dinh 1y 2.3, ta c6 dinh 1y sau:

Dinh 1y 2.4. Vdi méi h € Ly(0,00; Lo(Q)), bai todn (2.3)—(2.5) c6 duy
nhét nghiem yéu toan cuc v € H"'(Q).

Chiing minh. 1. Truée hét ta khang dinh bai toan

(uu(t) + (=1)"Lu+ F(-,t,u, Du, -+ , D*2y) = h(-, 1)

¢ u<tn) =0, ut(tn) = 0, (2.49)
Pu

\@Vj Stiax -

D

Vol moi t € [tn, tmax), tn > 0, ¢6 duy nhét nghiem v € H"'(Q,. ). D

maXx
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thue hien duge dieu nay, ta dat u(t) = u(t +t,), bai toan (2.49) tré thanh

/

att(t) + (_1)mLa+ F('ata aa Dﬂa T ’D2m—26) — h(at)a

) u(0) = 0,%,(0) = 0, (2.50)
OJ

\w S

véi moi t € [0, T%], ¢6 duy nhat nghiem u € Hinl(QT)

Ap dung bai toan (2.3)—(2.5), tit cac két qua da ching minh, bai toan
(2.50) luon luon ton tai duy nhat nghiem @ € H{"' (Qp+). Do d6 bai toan
(2.49) ¢6 duy nhét nghiem v € H"' (Qy. ).

2. Gia thiét rang nghiém u clia bai toan (2.3)—(2.5) xac dinh trén [0, tax)-
Ap dung Dinh 1y 2.2, ta c6 W(t) || () < M v6it € [0, tax). Ta sé chiing
minh .« = +00.

That vay, gid st tmax < 400, lim  [|u(t)| zmq) < +oc0. Khi d6 ton tai

day {t,}n2y va K > 0sao cho khin — 00, &, =ty thi |[u(t)|| g ) < K.
V6i dit lieu ban dau u(t,), trén [t,,t, + T*) bai toan (2.3)—(2.5) ¢6 duy
nhat nghiém v6i méi n va do d6é khi n du 16n thi ¢, + T* > tpax. VI
vay nghiém u cta bai toan (2.3)—(2.5) xac dinh trén mot khoang chia
[0, tax ). Dicu nay mau thudn véi gia thiét. Vi vay tyax = +00. O

Dé lam 16 sy ton tai ciia bai toan (2.3)—(2.5), ta xét vi du sau:
Vi du 2.1. Ta xét bai toan (2.3)—(2.5) véi m = 2 va

"0 [Ou|du
F(z,t,u, Du, D*u) = u|u|? — Z (
1 (9519@ (9567, (9567,

p) | (2.51)

2
vl — < p <

,n > 2.
n n—2n

Ta nhic lai cic két qua da khang dinh 6 dau chuong. Ta thay rang Fy =

Ou | Ou |P 1 1 | Ou pt2
WATEES a Az, t,u, Du) = ——|ul|PT?
ulul?, By 8:1:5-148331 VE;A(:E u, Du) p+2‘u‘ +p+2 Ox;
Ro rang Fy = —, F1 = —. Ngoai ra,
8@0 (9”01

|F0(:E7t7U7DU) - Fo(a:,t,w,Dw)\ = ‘U|v|p o w|w|p| — |€||U o UJ’,
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& day & = £(x,t) 1a ham da cho. Ap dung dinh 1y Lagrange, ta thiy ring
€] < (p+ 1)(Jv|P + |wP). Vi vay, ta cb
Fo(a.t,0, Do) — Fol, t,w, Duw)| = (p + 1) (ol + fuwl?)|o — w].

Bé6i lap luan nhu trén. Ta ¢6 Fy, F} théa man diéu kién (2.7). D& dang
thiy ring cac diéu kien (2.6), (2.8) va (2.9) 1a hién nhién. Theo Dinh ly
2.4, Bai toan (2.3)—(2.5) véi m = 2 va F dugc xéc dinh nhu (2.51), ¢6
duy nhét nghiem yéu toan cuc trong Ho™' (Q).

Trong vi du sau day, ta xét phuong trinh nita tuyén tinh Klein-Gordon
[56, Muc 10.4] trong mién try vo han Q.

Vi du 2.2. Ta xét bai toan

(= Dt qu = gla,tu) =0 (2,1) € Q,
qu(z,0) =0, u(x,0)=0 x €, (2.52)
| u(z,t) =0 (z,t) € ' x (0, 00).

O day ¢ > —A; v6i A\ > 0 1a gia tri rieng nhé nhat cua toan tit —A trén
H7YQ), titc \; = inf{HVuH%Q(Q) - u e HY(Q), Jul| £, = 1}.

Ta gid thiét rang véi hau khdp t € [0,00), 2 € Q, ta c6

gl tu)| < C(L+[ul”™), (2.53)
l9(z,t,u) = g(x,t,0)] < CA A [uff + |vf")|u — o], (2.54)
g(xata O) — O7gt(x7t7 O) — 07 ’%(ﬂf,t/&” S C|U,‘p_1. (255)

/g(x, t,s)ds < 0 hau khdp t € [0,00) va hau khdp x € Q.  (2.56)

0
Trong d6 2 < p < 25 khin > 2va 1l < p < oo khi n = 2. Déi
chiéu v6i bai toan (2.3)-(2.5), ta thay bai toan (2.52) ting véi trudng hop
m=1,Lu=—Au+qu, F(x,t,u) = —g(x,t,u) va h(z,t) = 0 trén Q. Tu
gid thiét ¢ > —\;, ton tai hang s6 duong 6 sao cho véi moi u € Hl(Q) VA
v6i moi ¢ € [0,+00), Blu,u;t] > 0||ul| 1) Ta nhan thay Fy(z,t,u) =
F(x,t,u). Tu (2.54), ta c6

|F0(£13,t,’LL) o F()(SU,IS,”U)’ < C(l + |u‘p + |U’p)’u o /U"
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A
Ham A = A(x,t,u) sao cho (?)— = Fy(x,t,u) = —g(x,t,u) thi
U

Az, t,u) /g:vts
0

Diéu nay c6 duoc 1a do gia thiét g(x,¢,0) = 0. Tu (2.55), ap dung dinh 1y
‘ o ‘ < C(1+ |u|P). Ta nhan thay A(x,0,0) =0 va
tur gia thiét (2.56), ta thu dugc

Lagrange ta thu dugc

/A(yc, t,u)dx > 0 v6i hau khép t € [0, 00).

Do d6 bai toan (2.52) ¢6 duy nhéat nghiém yéu trong H ' (Q). Minh hoa
cho diéu kien (2.56), ta c6 the xét ham g(z, ¢, u) = —|cosul.

Két luan chuong 2

Trong chuong 2, chung toi da st dung phuong phap xap xi Galerkin va
ap dung cac dinh ly nhtng trong cac khong gian Sobolev chitng minh tinh
gidi dude duy nhat nghiém trong khong gian H." 1(Q) clia bal toan bién
ban dau dbéi v6i phuong trinh hyperbolic nita tuyén tinh bac cao trong
hinh tru vo han ) khong tron tong quat. Phuong trinh ctia bai toan cé
chita 16p ham phi tuyén F tong quat, dong thsi bai toan dudc xét trong
hinh tru khong tron bat ky. Vi vay két qua dat dudc clia chuong nay tong
quéat hon so véi cuing két qua trong [54, 9, 10, 64, 66, 46, 33, 37, 41].
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Chuong 3

BAI TOAN DIRICHLET-CAUCHY DOI VOI PHUONG TRINH
HYPERBOLIC NUA TUYEN TINH TRONG CAC MIEN DA DIEN

Trong chuong nay, ching toi xét bai toan bién ban dau thd nhat doi
v6i phuong trinh hyperbolic nita tuyén tinh cap hai trong mién cé canh,
mién nén cé canh. St dung dinh 1y diém bat déng, ching toi khang dinh
su ton tai duy nhat nghiém yéu ctia bai toan nia tuyén tinh trong mién
c6 canh va trong mién nén cé canh. Hon nita, ching t6i con khang dinh
cac nghiém yéu nay du tron thuoc cac khong gian Sobolev ¢6 trong.

3.1. Bai toan Dirichlet-Cauchy d6i véi phuwong trinh hyperbolic nita
tuyén tinh trong mien cé canh

3.1.1. MGé dau

Cho 2 1a mién bi chin trong R™ (n > 2) véi bien 02 bao gom hai
(n — 1)—phang I';,T'y giao nhau theo (n — 2)—phang [y 1a da tap. Gia
thiét rang trong lan can clia mdi diém thuoc [y, tap ) ddng phoi véi goc
nhi dién. Tai diem bat ky P € [y, luon xac dinh hai ntta (n — 1)—phang
T1(P) va Ty(P) tiép xtic v6i Q va mot phang hai chiéu m(P) tryc giao vdi
lp. Ta ky hiéu béi S(P) la do 16n clia goc trong phang w(P) bi chan béi
cac tia Ry = Th(P)N7(P), Ry =To(P)N7w(P). V6imdi 0 < 7 < T < o0,
dat Qr = Q2 x (0,7), 5, =902 x (0, 7).

Trén 7, ta xét toan ti vi phan cap hai L c6 dang

", 0 ou . ou
L(z,t,0)u = — Z 0—3:j<aij(x’t)8—wi) +;bi($’t)8xi +c(x,t)u, (3.1)

i,j=1

& day agj, b;, ¢ 1a cac ham sb thuc thuoe C*1(Qr). Ta gid thiét réng cac
hé s6 ctia toan tit L ciing cac dao ham clia ching bi chan trén Q7. Thém
nita, ta gid thiét rang a;; (i, = 1,--- ,n) lién tuc theo z € Q, déu theo



t € [O,T], aij :CLJ'Z', (Z,j: 1, ,n) va

> aii(%,1)&&; > polél (3.2)

ij=1
voi moi & € R™\{0} va tat ca (x,t) € Qr, & day o 1a hing s6 duong.

Nhu da néu ra & trén, tai mdi P € [y ta xadc dinh hai siéu phang
T1(P), Ty(P) tuong tng tiép xtc véi I'1, 'y va phang hai chiéu 7(P) truc
giao v6i ly, B(P) la do 16n cia goc trong w(P) duge giéi han bédi céc tia
Ry =Ti(P)Nw(P),Ry =To(P)Nm(P). Khid6 0 < B(P) < 2w, 8(P) # «
va B(P) € C*(lp). Tinh ki di ctia nghiém duge dac trung béi ham w(P),
duge xay dung nhu sau: Véi day céc tap con {U, tner (I 12 tap chi s6) du
min phu §2, do Iy tron va ¢6 (n — 2) chiéu, vi thé qua moéi x € ) ton tai
n € I sao cho x € U,, C 2 va 2—phang truc giao véi [y, 2—phang nay giao
lp tai P (la diem thuoc lp ma c6 khodng céch t6i x 1a nhé nhat). Ta thiét
lap tuong tng 1 — 1 gitta = va (2/, P), 6 day 2’ = (x1, x2) 14 toa do afin
clia = trong mat phang 7(P). Ta bién ddi phan chinh ctia toan tit L, toan
t v6i hé s6 hing tai P

2 2
LY =— Z a;;(P, to)%&%, to € (0,7)
1,7=1
ve dang chinh tic. Qua phép bién doi tuyén tinh cac toa do tit toa do afin
sang toa do cyc trong 2— phang 7(P), géc B(P, tg) trd thanh w(P,ty) va
n6 dugce goi 1a gia tri rat gon cua B(P,ty). Ngusi ta da ching minh duge
rang w(P,ty) khong phu thudc vao phép bién doi dua L(()Q) vé dang chinh
tic, hon nita ham w(P, tg) kha vi vo han va w(P, ty) > 0. Cu thé, géc 3(P)
tai (P, tg) duge bién doi thanh

[a11(P, to)as (P, to) — ais (P, to)]
CLQQ(P, t()) cot B(P) — CL12(P, to) .

D=

w(P,ty) = arctan

Tuong ting véi todn tt vi phan L ¢6 dang (3.1), ta ¢6 dang song tuyén
tinh phu thudc thoi gian

- ou 0 - 0
Blu,v;t] = / ( Z aij(az,t)a—;a—;—|—Zbi(x,t)ag‘v%—c(a:,t)uv)d:c,
1 j i—1 1

(3.3)
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v6i moi u,v € HY(Q) va (z,t) € Qr.

Ta xét bai toan Cauchy-Dirichlet déi véi phuong trinh hyperbolic nita
tuyén tinh trong mién c¢6 canh Q nhu sau:

uy + L(x,t,0)u = f(z,t,u, Du) + h(z,t), (x,t) € Qr, (3.4)
u(x,0) =0, wu(x,0)=0, =€
u|5T == 0,

G day f, h la cac ham da cho.

Dinh nghia 3.1. Ham u(x,t) duge goi 1a nghiem yéu ctia bai toan (3.4)—
(36) trén [O,T] néu u c LQ(O,T, HI(Q»,Ut c LQ(O,T, LQ(Q)),Utt <
Ly(0,T; H (), dong thoi u(z,0) = 0,u(x,0) = 0, z € Q va dang
thic

<utt(t)7v> + B[U(t),?},t] — (f(-,t,u,Du),v) + (h(,t),?})
ding véi tit ca v € HY(Q) va hau khip ¢ € [0, 7.

Dé khang dinh cac két qua clia bai toan (3.4)-(3.6), ta chiing minh s
ton tai duy nhat va tinh chinh quy ctia nghiém yéu theo bién thoi gian cta
bai toan tuyén tinh tuong tng, tic 14 bai todn (3.4)—(3.6) trong trudng
hop f(x,t,u, Du) =0 trén Q.

3.1.2. Bai toan tuyén tinh
a. Su ton tai duy nhat nghiém yéu ctia bai toan tuyén tinh

Khi f(x,t,u, Du) = 0 trén Qr, ta c6 bai toan sau:

uy + L(x, t,0)u = h(x,t), (x,t) € Qr, (3.7)
u(x,0) =0, w(x,0)=0, z€ (3.8)
uls, = 0. (3.9)

Theo Dinh nghia 3.1, ham u(x,t) dugce goi 1a nghiém yéu ctia bai toan
(3.7)—(3.9) trén [0,7T] néu u € LQ(O,T; Hl(Q)),ut € LQ(O,T; LQ(Q)),
uy € Ly(0,T; H1(Q)) dong thai u(x,0) = 0,us(x,0) = 0,2 € Q va

(ug (t),v) + Blu(t),v; t] = (h(-,t),v) (3.10)

thoéa man véi tat ca v € HY(Q) va véi hau khap ¢ € [0, 7).



66
St dung phuong phap xap xi Galerkin va a4p dung tinh chat ctia hoi tu
yéu, ta c6 dinh 1y sau

Dinh 1y 3.1. Néu h € C(O T; Ly(2)) thi bai todn (3.7)—(3.9) ¢6 duy
nhat nghiem yéu u(t) € HY(Q),t € [0,T] théa man

()] g + @)1 0 Moo VEE T (311)

<:\@F

vdi C la hang so6 duong phu thuoc vao Q,T va cdc hé so cia todn ti L.

Chiing manh. 1. Lap luan tuong tu nhu noi dung dau trong muc 2.2., ta
thu dugc day xap xi nghiem {u™(¢)}%_, c6 dang

N
=Y gr(t)wi(x) (3.12)
k=1
ctia bai toan (3.7)—(3.9) sao cho
(ugy (1), wi) + Blu™ (t),wi; t] = (h(x,t), wy), (3.13)
véik=1,2,--- ,Nvat e [0;T]. O day {w;}32, 1a co s6 truc giao trong

HY(), ddng thoi 1a co s6 truc chudn trong Lo(Q). Cac ham g (t) (0 <
t<T,k=1,---,N) dugc lya chon sao cho ¢;(0) =0, ¢,.(0) = 0.

2. Tt (3.13), nhan c4 hai vé véi g,, lay tong theo k = 1,--- , N, ta dugc
(WS (0.0 () + Bl (6. u (0:0] = (h(w.0)ul).  (3.14)

Ta thay rang

- ou™ ul
Blu",u ,t]:/ Qi ———dx + / bi—ul 4+ cuNuy )da
t ) Z]z_:l T Ox; Ox; <Z or; t )

— B+ B, (3.15)

Do d6 (3.14) dugc viét thanh
(ugy (), 4y (1)) + Br = (h(z,t),u;) — Ba. (3.16)

Ta co

(i (6 0 (1)) = 5 (S Dl o) (3.17)
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T gid thiét a;; = aj; (3,7 =1,--- ,n), ta nhan dugc
d /1 1 [ < ouY ou™N
B:—(—ANt,Nt;t)——/ e
Q "

> & (S (0,6 (1):8)) = ClV (O (3.18)

6 day Afu,v;t] = | Z ij5r Ju 8“ dx Theém niia,
Q 1,5=1

|B| < C(HUN(t)H2° g (07, 0)- (3.19)

(A1), ()] < 5 (Hh( 17,0 + " (O, @) (3.20)
Tt (3.16)—(3.20), ta thu dudc

d N
(I 11 o) + AL (8), ™ (1))

< C(IhC Oy + lu O, + ™ B )

Ap dung (3.2), ta c6

(¥ ()10 + AL (0 0 1):1])

< Oy ([ ()12, + ALY (1), w (0):4]) + Call A ) (3:21)

Dat n(t) = [ ()3, )+ Al (1), ¥ (1) 8], 6(2) = 1, )] Kb d6
(3.21) dugc viét thanh

1'(t) < Cin(t) + Ca0(2). (3.22)

Ap dung bat déng thic Gronwall, ta thu dugc tir (3.22) nhu sau

t

i ()10 + ALY (0,0 (08 < C [ I(5)I, s

0

St dung (3.2) mot lan nita, bat dang thiic

™ (02 + I (D)7 Ol (3.23)

O\w
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dung v6i moi ¢ € [0, T].
3. Tiép theo, ¢6 dinh n € H'(Q), |[nll 1) < 1 va ta viét n = n + ny, &

day n; € span{wi}i_, va (n2,w) =0, k =1,--- | N. Ta nhan thiy ring,
t {|7{ grig) < 1 thi |7 g1q) < 1. Do d6

(ug (0),m) = (uy (t),m) = (h(z,t),m) — Blu",m;t].
Ta 6 [(ug (), m)| < CIRC )] Ly + 1™ ()] 1q) - Do d6
(D131 gy < AR + 10 (1))

Lay tich phan trén [0,¢] v6i 0 < ¢t < T va ap dung (3.23), ta thu dugc
NHZ

2
Lo (0,:H-1(9)) < Clnl

(02 (3.24)

|l

Tir (3.23) va (3.24), ta thay day {u™}3_, bi chan trong Ly (0, T; H'(Q)),
day {u;'}3_; bi chan trong Lo(0,T; Lo(Q)) va day {utt }3%—; bi chian
trong Lo (0,7; H*(2)). Do d6 ton tai day con {u1}22, C {u}¥_; va
u € Ly(0,T; HI(Q)) sao cho uy € Lo(0,T; Lo(Q)), uy E Ly(0,T; HH(Q))
théa man u7 — w trong Ly (0, T Hl(Q)), uivj — wy trong Lo (0, T'; Lo(€2))
v upy’ — uy trong Lo (0,7, H1(Q)).

Bay gio ta ¢6 dinh m € N va chon 0 € C*([0, T; Hl(Q)) sao cho

m

0(t) = > d*(t)wr, (3.25)
k=1
& day {d"}7"; 14 cac ham nhén. Ta chon s ty nhien N > m, nhan ci hai
vé ctia (3.13) véi d¥ va lay tong theo k = 1, --- ,m, tiép theo lay tich phan
theo t trén [0, T, ta dugc

T T
[ L ©.000) + Bl 0,00 )t = [ (w0, 00)dr. (320
0 0
Dat N := N, lay giéi han khi j — oo, (3.26) dua dén
T T
/ (1), 0(1)) + Blu(t). / (2.0).0(0))dt.  (3.27)
0 0
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Vi C*([0, T7; Hl(Q)) trit mat trong Lo (0, T} Hl(Q)) nén ta co

/ it [mm@ﬂﬁ:/%m@maﬁ, (3.28)

v6i moi 6 € Ly(0,T; H'(Q)) va hau khép ¢ € [0,T]. Hon nita, ta ¢6 thé
chon 6(z,t) = g(t)w(z), w € HY(Q) thi (3.28) dugc viét thanh

utt Blu(t),w;t] — (h,w)}g(t) dt = 0,

O\%

v6i hau khidp ¢t € [0, T]. Do d6

(un(t), w) + Blu(t), wit] = (h(-,t),w)
v6i hau khip ¢ € [0,7], Vw € H'(Q).

4. Tiép theo, ta phai chitng minh «(0) = 0, u;(0) = 0. Dé chting minh dugc
diéu nay, ta chon bat ky v € C*([0, T7; Hl(Q)) sao cho v(T) = y(T) = 0.
Ap dung tich phan ting phan hai 1an theo bién ¢ ctia hang tit dau tien ben
vé trai ctia hé thiic

[ it + [ Blute). st = [ (b 0).7)de
ta dudc
[ o).yt + [ Blute)vitlat = [ (nte
=+ < (0)7%5(0)) o (ut(o)af)/(o)) (329)

Lap luan tuong tu nhu trén doéi véi he thic

T

/@y))ﬁ+im ﬂmﬂﬁ:iw@t

0
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ta cing thu dugc

T

[ @+ [ Bl @), y8dt = [ (b))t

0
+ (u™(0),7:(0)) = (us' (0),7(0)). (3.30)
Trong (3.30), dat N := N;, qua gi6i han khi j — oo, ta co6
T T T
[+ [ Bluvitia = [ (en)a @
0 0 0
Béi (3.29) va (3.31) ding v6i moi v € C2([0,T]; H'(R2)) nén ta thu duge
tren [0, 7] rang u(0) = 0,u;(0) = 0. V6i cac két qua trén, ta da ching
minh dugc bai toan (3.7)—(3.8) ¢6 nghiem yéu u(t) € HY(Q).
5. Diéu con lai, ta phai chiing minh rang v 1a nghiém yéu duy nhat. That
vay, gia st rang bai toan (3.7)—(3.8) ¢6 hai nghiem wuy, us. Dt u = uy —us.
Khi d6 u 1& nghiém yéu clia bai toan

uy + L(x,t,0)u = 0, (x,1) € Qr, (3.32)
u(x,0) =0, u(x,0) =0, x €, (3.33)
uls, = 0. (3.34)

Dé chitng minh tinh duy nhat nghiém yéu ctia bai toan (3.7)—(3.8), ta
ching minh w(¢) = 0 trén [0, T]. Mudn vay, ta ¢6 dinh s € [0, T] va dit
(s

Ju(r)dr, néu0<t<s,
pult) = §

\O’ néus<t<T.
Ta c6 p(t) € HY(Q) véi mdi t € [0,T]. Do u(t) € HY(Q) la nghiem yéu
ctia bai toan (3.32)—(3.34), nén ta co6

(ug(t),v) + Blu(t),v;t] =0, véiVve H(Q).

Thay v bdi p(t) va lay tich phan theo bién ¢ trén [0, s, ta c6

S

/ (<Utt(t), p(t)) + Blu(t), u(t); t])dt = 0.

0
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Ta nhan thay u:(0) = u(s) = 0. Do d6, ap dung tich phan ting phan cho
hang tit dau ciia dang thic trén, ta thu dugc

S

/ (= (ue(t), pue(t)) + Blu(t), p(t); t])dt = 0.

0
V6i mai t € [0, 5], ta c¢6 i (t) = —u(t). Khi doé

S

[ (tante).w(e)) = Blpe(e). 1) e 0. (3.35)

0

Chu ¥ ring

didu nay ¢6 duoe la nho () = —u(t). O day

2C[u, j1; 1] = /(Zb a“ zugut>

2D ,LL Ma / (Z azgta 833] "i_zbzta ,U+Ct:u:u) d.

2 i=1
Do d6 (3.35) duge viét thanh

S

[ S (GO o) = 5Blnte) ute)s1))

0

1 ) 1 Op(0) Ou(0)
e+ | > (o),



72

_ / (Zbi(x,O)ﬁgi?)M(O)+C($70)M(O)“(O))dx

_/(C[U(t)>ﬂ(t);t]+D[M(t),u(t);t])dt. (3.36)

Ap dung bat ding thitc Young va bat ding thitc Cauchy déi véi cac hang
tr bén vé phai ctia (3.36), ta thu duge

lu(s)750) + (o — )07 g

S

< ([ () By + NI o)t + 1800 ).

Chon € > 0 da nhé sao cho € < py, ta thu duge

() 2,0 + 1O

<c( / () sy + 0B ) it + (100 3y ) - (3:37)

Bay gio ta dat
t
w(t) = / w()dr,v6i t € [0, 7).

0
Nhan thay 1(0) = w(s) va u(t) = w(s) — w(t). Do do6 (3.37) dua dén

() 0+ 19() Py

S

< O [ (Iwls) = (O gy + Nt + (@0 (338)

Tt danh gid [lw(s) — w(t)]%, ) < 2w (s) g, + 2w @)l g v

Jol)Ee < C [ IOl o
0
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bat dang thitc (3.38) dua dén
lu(s)l 2,0y + (1 = 2C18)[w(s) 5 g

ga/mmwam+wwﬁmmﬁ
0

1 .
Chon 77 > 0 dua nho sao cho 1 — 271C > 3" Khi d6 v6i moi s thoa man
0 S S S T1 thi

S

Ju(s)1 0y + 10y < € [ (1l + N8 )t

0

Ap dung béat ding thitc Gronwall, ta thu duge u(t) = 0 tren [0,7}]. Lap
luan tuong ty nhu trén doi véi cac doan [T, 277], [217,3T1], - - - Khi d6 ta
c6 u(t) = 0 tren [0, T]. O

b. Tinh tron ctia nghiém yéu theo bién théi gian ctia bai toan tuyén tinh

Stt dung phuong phap quy nap, ta chting minh tinh tron theo bién thoi
gian ctia nghiém yéu ciia bai toan (3.4)—(3.6).
Dinh 1y 3.2. Cho k € N, hy; € C([0,T]; Lo(Q)), j=0,1,--- , k. Khi d¢
bai todn (3.7)—(3.9) cé nghiém yéu u théa man

uy € C(0,T; HY(Q)), j=0,1,---  k, (3.39)
k koot
>l () By + s iy < €3 [ Mol apds (340
J=0 7=0 7
vdi vt € [0, T].

Ching minh. Tt (3.23), cho N — 00, ta ¢6
) By gy + IOy < © [N s, Ve € (0,71, (340

Do do

te[O,

T
o (1O + IOl 0) < C [ I s, (342)
0
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Diéu nay dua dén u € C'(0,T; Hl(Q)) Nhu vay (3.39) va (3.40) dang véi
k = 0. Tiép tuc, ta chitng minh dinh ly dang véi k = 1. Tu (3.13), lay dao
ham theo bién ¢, ta cé

(ugs (1), wi) + Bluy (), wi; 1] = (he(- 1), wp) — Bifu®™ (), w5 ], (3.43)
¢ day

Bylu,v;t] = /(Zam gu aa::] Zb

0 1,7=1

(x, t)uv) dzx.

Nhan ca hai vé cia (3. 43) v6i ¢"k(t), t € [0,T], lay tong theo k =
1,2,---, N va dat uV = v, ta thu dugc

(U, 1y ) + Blu",ay 1] = (he(x,t), 0y ) — Biu®, @ ).

3 617N ouly
Dt / Z (@ (9% ox; da
1,7=1 J
> - ou" _y ~N
By = (Zbi(az,t) 5 U + c(z, t)u )dx,
q =1 ¢
dang thiic trén tré thanh
@Y, @) + By = (he(2, 1), ) — By — By[u™, @ 1]. (3.44)

Ta nhan thay

(U, 1y ) = 5@(”% ()l zo()) - (3.45)
~ 1d ou'y ouN
By = —— (A", ;) / gl )
! 2dt( [ Zg:la]t Ox; Ox;
6 day Afu,v;t] = [ > amaa;f aa; dx. Ta cb
Q ij=1 Y
= ld, N oy ~N (|2

Hon ntra,

[(he(, 1), 25 )| < C (a7 00) + 1T )17,0)- (3.47)

|Ba| < C(1@" ()31 + 10 (D12, 00))- (3.48)
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Quan sat thay
d

Bt[uN,ﬂiV,t] — %Bt[uN,ﬂN t] Btt[ ,NN;t] — Bt[ﬂN,ﬂN;t], (349)
¢ do
Btt[u Ut]
ou Ov -
/(Z aijte(T, 1) =— 3 6?:1:] ;b (, t)uv)da:

0 1,7=1

T (3.44)-(3.49), ta thu duge

L (1) ey + AG (1), T (2); 1)

< C(Ihe()l 2,0y + 1@ O 7y0) + 17 O )

d N N N~
B %Bt[ ™ t] + Bulu, uNt] + Byla® a st

Lay tich phan tren [0,t], ¢ € [0,7T], ta thu dugc

" ()| + Al @51

t
<c / (e () 0y + 1T ()10 + 1T () 0 )
0

t
— Bt NN t ‘I—/ Btt U U ]+ B [~N Y ])dS (350)
0
Ap dung (3.2), ta c6 AN (t),a™N(t);t] > polla™ (¢ )||%1(Q). Stt dung bat
dang thiic Young, ta c6 | B[u™, @ t]| < C(e)||u™ (¢t )H%l(m%—sHﬂN(t)H%p
Thém niia,

(2)°

!
‘/ (Bylu",u s] 4+ B[u™, u S])ds‘
0

t
<C [ (06 + 173
0
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t t
< Cr [ 1B s + C [ 17 (5) gy
0 0

Do d6 (3.50) dua dén

1 (O + (o — @™ ) g
t

/ 1B()I2, ) + [Be(s)]I2, ) ds

0
t
+C [ (I )0y + 176 ) ds
0

Ta chon € > 0 sao cho € < pg. Khi do6 ta thu duge danh gia sau

t

@ (L0 + 1T Ol < C /I|h ()L + 1he () 1Ly s

0
t

+Co [ (IO o + 17 () s (351)

0

t
5 — =N 2 ~N 2
Dat F(t) = 1@ (1)I2,0) + 18Ol GO = C1 [ (IA6)7,0) +
17e(5)117, () ds- Khi d6 (3.51) duge viét thanh F(t) < G(t)+Cy f F(s)ds
0

R6 rang G(t) va G'(t) kha tich trén [0,t], V¢ € [0,T],G(0) = 0. Ap dung
Bo dé 1.3, ta thu duge F(t) < fec2 (t=5)G"(s)ds, V¥t € [0,T]. Tic la

t
I (1L + 17" /I|h () (e + 1he ()17 ) s
0

ding véi moi ¢ € [0,T]. Cho N — oo, ta ¢6

t

[T (L) + I g /Hh Moy + Nhe(s)lI7,0))ds.
0
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Thay u" = v, ta c6

let(t)H%2a2>‘F\Yut(t)Hiyl )
t

<C [ (IO + ha5) ) ds. (352

0

Vi vay

2 2
O@&%(H?ﬁtt( )HLz(Q) T Hut(t)H L( )

T
<C [ (I + ()] 00) .
0

Suy ra u; € C(0, T} HY(Q )). Két hop (3.41) va (3.52) ta c6

1 1 !
> et gy + ey < €3 [ Mol
j=0 0

=0
Diéu nay cho thay Dinh 1y ding véi k& = 1.
Gia sit (3.39) va (3.40) ding v6i k— 1,k > 1. Ta sé ching minh né ding
véi k. T (3.13), 1ay dao ham cap k theo bién ¢ c& hai vé, ta c6

k-1
(u%g,wl) + Blug,wi;t] = (hg,w)

M

( ) Btk: —j utg,wl,t] (3.53)

7=0
Nhan ca hai vé cta (3.53) véi gl(k+1)(t), lay tong theo [ = 1,2,--- , N, ta
dugc

(u%“? u%“) + B[“%? uﬁgﬂ; t]
k—1
htk utk-l—l —|— Z < ) Btk _] /U/tj,ug;_l,t] (354)

Lap luan tuong tu nhu trén va st dung gid thiét quy nap, ta thu ducc
ug € C(0,T; HY(Q)), 7=0,1,--- ,k va

k

k t
> s Ol + Nl < 3 [ IholEads (359
j=0

Jj=0 0
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v6i Vt € (0,7]. Dinh 1y duge chiing minh. O]

Bay gi ta dinh nghia khong gian #* bao gdm tat ci cac ham u sao
k . .
chou € () CYV(0,T; HE1(Q)). Véi mdi u € F2F va véi mdi t € [0, T, ta
j=0

dinh nghia cac chuan

k
)12 Znut] Ol-5(0y ¥ Tuallore = D _ Mol 01550
§=0

Ap dung Dinh 1y 1.10, tinh chinh quy ctia nghiém yéu thuoc khong gian
Sobolev ¢6 trong clia bai toan (3.7)—(3.9) dugc khang dinh nhu sau.

Dinh 1y 3.3. Cho k € N,k > 2 va gid thiét rang hy € C’(O,T; Hg_j(ﬂ)),

0<j<hk—1hy(2,00=00<j<k—-2wk+l—a<_, aclol].
W

Khi dé nghiem yéu u ciia bai todn (3.7)—(3.9) thuoc F5 va

t
| (t H%pk / H%ﬂk ods, t € (0,T]. (3.56)
0

Chitng manh. Ta chting minh Dinh 1y bang phuong phap quy nap. That
vay, tu (3.7), ta co

L(x,t,0)u = h(x,t) — uu(t). (3.57)
T (3.39), ta c6 uy € HY(Q) < HO(Q) va theo gia thiét h(t) € HO(Q),
do d6 néu dat hy(xz,t) = h(wz,t) — uy(t), thi fi(x,t) € HY(Q), t € [0,T].
Ap dung Dinh 1y 1.10, ta c6 u(t) € H2(Q), Vt € [0,7T] va
lu(®) 20 < CIPa ) lm0(0) + )]l .@)-

Do d6 [[u(t)l1}2(0) < C (1) F30) 1w (]300 + u(®)]]7,)) - Tanhan
thay
t

(Ol 00 < CluE g, < € [ 106y

0

t
gy < Cllue®)l oy < € [ 1A(5) o
0
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150 e < (1RO By / 11(3) g s

t

C [ 14(5) s

0

| /\

dieu nay dang véi moi ¢ € [0, T]. Do d6

t

Ol < € [ 176 (3.5)

0

Ap dung bat déng thic Hardy (xem [7]), ta c6

s () 17110y = / (P20 D uy (8) ]2 + 12| Dug (8))? + |y (1)) da

Q
t

< Cllur®)0) < € [ 1A(5) o (3.59)

0

Theo chtng minh trén, ta co

t
Jue®)lgoy < € [ 11 (3.00)
0
Tit (3.58), (3.59) va (3.60) ta c6
t
[u®ley < € [ IO ads. ¥e.T]. (361

0
O day C la hing s6 doc lap véi u va h. Do d6 Dinh 1y ding véi k = 2.

Gia st rang Dinh 1y dang véi k — 1, k > 2, tic 1a nghiém yéu u ciia bai
toan (3.7)—(3.9) thuoc S5 va

t
Oy < € [ 1) s
0
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Ta chting minh dinh ly dang véi k. That vay, ta co
)2y = () By + e s (3.62)

Tit phuong trinh (3.57), béi gid thiét h(t) € H1(Q) — H¥2(Q) va béi
khang dinh trong chting minh & phan trén, ta thay uy; € H*2(Q), nén
hi(t) = h(t) — uu(t) € HF2(Q). Do d6, 4p dung Dinh 1y 1.10, u(t) €
HY(Q) va lap luan tuong ti nhu trén, ta nhan duge

lu ) < POy + 1u®7,@)
< C(|A(t )HHk—a + Hutt(t)||§1k_2 + lu®)Z@)

< (I s /Hh Mry ) (3.63)
1RO sy < C (IO Py / [ (5) 252 )
t
< /||ht )Iios s, Wt € 0,7 (3.64)
0
Két hop (3.63) va (3.64), ta thu duge
)16y < C/Hh yior s, V€ (0,7 (3.65)

Tiép theo, ta lay dao ham theo bién ¢ c& hai vé cua (3.7), sau do dat
U = ug, h(z,t) = hy(z,t) —uye — Li(x, t, 0)u. Khi d6 ta kiem tra dugc rang
u 1a nghiém cua bai toan (3.7)—(3.9). Bdi gia thiét quy nap, ta thu dugc
U =u; € 25!, Theém nita, v6i Vt € [0, T
t
Ju6) sy < € [ (5 s s < / I(3) s yds (3:60
0
Két hop (3.62), (3.65) va (3.66), ta thu duge u € J2F va
t

[u®)liay < € [ 1A geosy s

0
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Dinh 1y dugc chting minh. []

Bay git ta khang dinh su ton tai duy nhéat va tinh chinh quy nghiém
yéu trén [0, 7] clia bai todn nita tuyén tinh.

3.1.3. Bai toan nira tuyén tinh
a. Tinh duy nhat nghiém yéu ctia bai toan nita tuyén tinh

Trong muc nay, ta dua ra bo dé bo trg, khang dinh su ton tai duy nhat
nghiém yéu tren [0, 7](0 < T' < o0) ctia bai toan (3.4)—(3.6). Hon nita, ta
xac dinh tinh chinh quy clia nghiém theo bién thoi gian.

Bé dé 3.1. Chov; € C*)(0,T; H%(Q)), i =1,--- ,m, d day |, k; la

m + 1 s6 nguyén duong théa mdan%—l—a—kl, 0< ki <Il—-1, k<
n

l—l—[§}7 i =2,---,m. Gid thiét rang cdc da chi so6 a; (i=1,---,m)

théa man || < 1—ky —1, |aj| <1 —ki—1— [g} va S ey < 1= k.
1=1 1=1
Khi do

H,raDl/lUl ce Dym'UmHLQ(Q) < H ||UZ’|Hé_kZ(Q) (367)

Chitng minh. Ap dung bat déng thic Holder, ta c6

|7 D vy - - DY vy, || 1)

< H,r,(a-l-‘(){l’—l-l-l-l-kl)DOq (‘012|+k72—1)D012

V1] £y, (2 * [T V2| L, (@)
. ”/’f'(|a3’+k3)Da3/U3HLQPS(Q) . e H/”’('Oém|‘|‘k/’m)‘Damv’rnHL2pm(Q)7 (368)

m
n 1
dday1<p1<—2 l<p <oo, (1=2,3,--,m), g — = 1. Quan
- — Di
1=1
sat vé phai cia (3.68), ta c¢6 két qua danh gia sau:

1

— — 2p
e D oy = ([ D )

Q
1

_ 2p
/ § T.2P1(a+|041| l+1+k1)|D0417}1|2p1_i_ |U1|2p1)dl} 1

0<|041|<l 1—k

= Hvluvcf_l—klﬂpl(g);
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stir:r(x)>01abichanvazzg+a+1, nén ta c6

1

Hr%*%riD%wﬂu%gm:=(;/T%““”””*Hlﬂ%mfmdx)%Q
Q

/ CL+’C¥2| l-i-kz-l—l—l— % ‘DOQ’U ’2p2dx> 2p2
Q

1

< C[/ ( Z T2p2(a+|azl—l+/€2—|—l+[%])‘Dazv2’2p2 + \02\2p2>dx} 2P2

O 0<|Ozz|<l—k’2—1—[%]

— C”UQH ko= -3, 2292(9);

HT|%|+kiDaiU¢HL2p.(Q) = (/7“2“('0”%1')
Q

1

. , 2p
D%y, |?Pi da:)

1

< C(/T2pi(a—l+ai+ki+1+[%])|Daivi‘2pidx)@

1

< C[/ ( Z 7«2171'(@+\01i!—l+k7;+1+[%])‘D%’Ui‘%i 4+ ‘?}i‘Qpi)dx} 2pi

Dé hoan tat ching minh ctia Dinh 1y, ta con phai chitng minh
HL8(Q) = VIR b2(Q), HL Q) = v Q) i =2, m

Ap dung B8 ¢ 1.7, ta c6 H, ™(Q) = V;_kl’Q(Q) — VI=h=1201(Q)). Do
r = r(x) > 0 1a bi chin, nén véi méi u € Hy " (Q),

N|—

— 2(6+|a|—l+k1) | Py, 12 2
lell o0y = / > T Dl + [uf?) de
0 O<|Oé|<l ]{31
— /( )T2(a+|a|—l+k1)|Dau’2 + |U|2)dx]§
9 O<|Oé|<l kl
C / patlal =tk pag,? 4 |u|2)dx]§.
Q0 O<|04|<l k1
Tuc la Hu”Hl kl(Q) < CHUHHl k:l( Q)" Do do Hl k‘1(Q) <y Hé—kl(Q) Ta

thu duge H-5(Q) — VIER=12n1(Q). Ap dung BS dé 1.7 them maot lan
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nita, ta co Hé_ki(ﬂ) = V;Sl_ki’Q(Q) — ‘/j_ki_l_[%]’2pi(§2), i =2 - .m.

Chitng minh twong ty nhu trén, ta thu duge HL % (Q) — H:"(Q). Do do

Hk(Q) — v, T E Q) =2 m, =

Ta xét bai toan (3.4)—(3.6) véi 16p cac ham f du’dc xac dinh nhu sau:
Ta noi r\éng ham f(z,t,v1, - ,Uue1) thuoe 16p CHH(Qp x R™1) néu
feC®(Qr x R"“) va D®f(x,t,-) 1a ham lién tuc Lipschitz dia phuong
theo n + 1 bién vy, -+ ,v,y41, v6i mdi (z,t) € Qp, |a] < k. Cho f €
CH1(Qp x R™1) va véi mdi hiing s6 b > 0, ta ki hieu

M(b) =max sup sup |D®f(x,t,v1, - ,0ns1)l,
@<k (z.£)eQr |v;|<Cb

§ day C 1a hing s6 duong da cho.
Bo6 dé 3.2. Ch0k>a—|—— f e CWYQr x R wa cho cdc ham

Uy, uy € ST théa man bat dang thitc

e 1< b, 3.69
tG[O,%,?éc{l’Q} ”U ( )”%k-k < ( )

v61 b > 0 la hang s6. Dat Fi(x,t) = f(x,t,u;, Du;), i = 1,2. Khi dé

(i) F; € 7% i = 1,2 va ton tai hing s6 duong C sao cho vdi moi
t € (0,T), bat dang thiic sau théa mdn

IE@)e < CM@®) (Lt @)e), i= 12 (370
(ii) Ton tai hang s6 K(b) > 0 sao cho vdi méit € (0,T), ta cé
1EL () = Fo(t) [ e < K(b) [lua(t) — ualt)|| s (3.71)

Chitng minh. (i) Tu gid thiét k > g + a, ap dung Bo dé 1.6 cung véi

gia thiét (3.69), ludn ton tai hang s6 C' > 0 sao cho v6i i = 1,2, ta ¢
[ui(z,t)] < Cllui(®)]|gr) < Cb, (2,1) € Qr va

Du(z,8)] < CIDu(®)lge) < Clluilt) g oy < O, (2,8) € Qr-

Vé6ir =1,2, ta co

k
|E ) o = ZHFW o (ormemsion) = 2 4255 | Fis (8) s
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:zk:or?a% [/( Yo Rl ”]D“Fz-tj(t)|2+|Fi(t)\2)d:z;]2.

j=0 Q  lal<k—j

|

Quan sat bieu thtc trén, ta viét cac dao ham cta F; nhu 1a dao ham cuta
ham hgp. Béi f € CF1(Qp x R™1), suy ra riing Fj ¢6 dao ham suy rong
t6i cap k. Ngoai ra, theo dinh nghia ctia M (b) va ap dung Bo dé 3.1 ta
thu duge danh gia (3.70).

(72) Ta co

HFl (t) H%k Z ”Fltj F2tj (t) Hc<0’T;Hk—j<Q))

N[

- f: max [ / (r2<a+ia—<’f—f>>|Da(F1tj—F2tj)(t)|2+\F1<t)—F2(t)y?)dgg} |

J=0 0
Do f € C*1(Qr x R™1) nen D*f(x,t,-) 1a ham Lipschitz dia phuong
theo n + 1 bién vy, - -+ , v, v6i mdi (z,t) € Qp, |a| < k. Khi dé ap dung
() va ap dung Bo dé 3.1, ta thu duge két qua danh gia (3.71). N
Dinh 1§ 3.4. Cho k > a+E ktl-a<Z aef0,1] vachoh e
W

HF f e CRDLQ R”H) thoa man hy(x,0) =0, fu(z,0,v,v1) =
0, 0 S j < k—2. Khi dé bai todn (3.4)—(3.6) c6 duy nhat nghiem u € SF
va

[ullr < CL+ Al 1), (3.72)
¢ day C la hang so doc lap vdi u
Chiing minh. Lay hing s6 R > 0 va v6i bat ki 7 > 0, ta xét
= {ue " u(0) =u(0)=0va |u()|| v < R, Ve (0,7]}.

V6i méi v € M, da dude c6 dinh, ap dung Dinh 1y 3.3, bai toan sau c6
duy nhéat nghiem v € J#F

fvtt + L($,t, a)v — f(xvtaua DU) + h(fC,t), (Qf,t) € QT?

v(x,0) = ve(x,0) = 0, r € Q, (3.73)
|v(z,t) =0, (z,t) € S;.

/\
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Do do, ta dinh nghia toan ti& ® : M, — %, xac dinh bdi ®(u) = v, v6i
v 1a nghiém duy nhat ctia bai todn (3.73) tuong ting v6i u. Ta sé ching
minh v6i 7 > 0 phu hop, ® 14 4nh xa co théa man (M) C M,. Trudce
hét, véi u € M, da cho, nghiem tuong ting v = ®(u) théa man véi tat ca
t € (0,7] bat dang thitc nang luong (3.56), titc 1a

[0 < C / |F () [2psoyds. V6 tht cat € (0,7],  (3.74)
0

& day F(z,t) = f(x,t,u, Du) + h(z,t). Ap dung B dé 3.2 ta c6

JIF@I sy < 7CL1+ RED)MR) + ] ]
0

Ta lua chon 7 du nhé sao cho

7C[(1+ R** M (R) + ||| 1] < R
Khi d6 ta thu duge tit (3.74) rang |[v(t)|| ) < R. Dicu nay ching t6
d(M;) C M.

Tiép theo, ta lay uj,us € M,. Khi d6 ta c6 cac nghiém tuong tng tit
bai toan (3.73) la v; = ®(uq), vo = P(ug). Dat v = v; — vy, thi v 1& nghiém
cua bail toan
(

vy + L(x,t,0)v = f(x,t,uy, Duy) — f(x,t,us, Dus), (z,t) € Qr,
v(x,0) = v(z,0) =0, r € (Q,
|v(z,t) =0, (x,t) € S;.

/\

Béi lap luan nhu trén, 4p dung Bo dé 3.2, ta thu dugc

D (ur) — ®(u2)llZ0r = IVl () < C/ |F1(s) = Fa(s) 151 45
0

< CK(b)THul — ’U;Q”%k S (5||U1 - UQH%IC,

vil 0 < 1 duge xac dinh tit 7 di nhoé. Khi d6 ta thu duge ® 14 anh xa co.
Ap dung nguyeén Iy anh xa co, ton tai duy nhit nghiem yéu u déi véi bai
toan (3.4)—(3.6) xac dinh trén [0, 7]. Dinh 1y dugc chiing minh. O
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Nhan xét 3.1. Trong truong hop dac biét khi hang tit phi tuyén f c6

dang don gidn hon, d6 1a f = f(x,t,u), Dinh Iy 3.4 cing théa man vdi
n

k > 5 + a. Thém nita, Dinh 1y 3.2 la truong hgp dac biét cua Dinh 1y 3.4

khi F'(x,t,u, Du) =0 trén [0,T].

b. Vi du

Vi du 3.1. Cho p > 1 la s6 thuc da cho. Chung ta xét bai toan sau

(Utt + L(z,t,0)u + @(z, t)ululf = h(x,t), (x,t) € Qr,
\u(:v,t) =0, (x,t) € St,

G day Qr = Q x (0,T), Q1a mién c6 canh, n =3, T < 0o, v € CH(Qr).

Dé dang thay ring f(z,t,2) = o(z,t)z]z|]P € COHQ, x R), tic la

f, fts fe., [ 1a cdc ham Lipschitz lién tuc dia phuong theo bién z doi vdi
N — 3 1
moi (z,t) € Qp. Cho k =2 > §—|-a, a € [O, 5], va cho uy, us € S thda

man dieu kien ~ max [lu;(t)|| 2) < b, v6i b > 0 la hang s6 da cho.
te[0,7],ie{1,2} “

Dat Fi(x,t) = f(x,t,u;), ¢ = 1,2. Cht y rang

|E: O 0 =/|¢|Iui!2|ui|2pfr2(“”d:v+/|DsoHu@~|2|u@-|2pr2adx
{ Q

+ [0+ DIl
Q

< OOl ([ VobulPrte- s+ [ 1Dl
{2 Q

+ [+ plellDufran)
Q

< Cllus(t)][ 7o s () gy < Cllua®) 10 () 320
Do dé6
i %fg(m = U %13(9)' '
IE(0)| 30 < CVP[lus(t) (3.76)
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Ngoai ra, tu

| Fie(®) gy = / [prl i s Pr** e + / (1 + p)lp] e sl r* i
Q Q
< CHUi(t)H%(Q)(l + w7 (@)
ta thu dugc

1 fie) o0y < CO(L+ [lwie(®) 711 0)- (3.77)
T (3.76) va (3.772, dua dén |\Fi(t)\|§@1@ < OV (1 + [lui(t)| %)) - Do
do, v6i k = 2, khang dinh (¢) cia Bo dée 3.2 théa man. Lap luan theo
cach tuong ti nhu trén, khang dinh (i7) ctia Bo dé 3.2 cfing théa man vdi
k = 2. Béi lap luan tuong tu nhu ching minh ctia dinh 1y 3.4, v6i gid thiét
1 )
- T e [0, 5} thi bai toan (3.75) c6 duy nhét nghiem u € 2 va
—a
Ju(t)|| 2 < C, 6 day C la hang s6 duong doc lap véi u.

w <

Tiép theo, ching ta xét bai toan Klein-Gordon [56, Muc 10.4] trong
mién cé canh 2.
Vi du 3.2. Cho ¢ > —)\; v6i A\ > 0 la gia tri rieng nho nhat cia toan tu
—A tren H H(Q), tiic A\ = inf{||Vu||%2(Q) s ue HY(Q), |lullp,@=1} Ta

xét bal toan

(utt —Au+qu—g(x,t,u) =0 (x,t) € Qr,
qu(z,0) =0, wu(x,0)=0 x €, (3.78)
\U‘ST = 0.
_ ) 7 1 n R .
Khi d6 néu w < ,a € [O, 5],/€ > 5 + a v& ham ¢g(x,t,v) thudc
—a

CH®LQr R), gy(x,0,v) =0, 0 < j <k — 2 thi bai toan (3.78) ¢6 duy

nhat nghiem u € S va [[u(t)||» < C, 6 day C la héng s6 duong doc

lap véi u.

3.2. Bai toan Dirichlet-Cauchy d6i véi phuong trinh hyperbolic nita
tuyén tinh trong mién nén cé canh

3.2.1. MG¢é dau

Cho I = {:U c R3: |i—| € Q} & mot nén bi chan c¢6 dinh tai goc toa

do. Gia thiét rang bien 0K bao gom dinh 2 = 0, cac canh (cac nita duong
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thang) My, --- , My xuat phét tit dinh, cac mit nhan (16p C®°) I'y,--- , Ty
va 0 la mot mién kieu da gidc ndm trén mit cau don vi S? tam tai goc,
c6 cac dinh P, = M, N S? va cac canh v, = I, N S% k= 1,---.d. Cho

d
0<T <oo,dat Kr =K x(0,T),0r =T, x(0,T).
1=1

Ta xét toan tit vi phan L trén Kr duge xac dinh bdi (3.1) véi céc heé sb
ham va dao ham cta ching bi chin trén Kp. Ngoai ra, ta gia thiét rang
aij (i,7 = 1,--- ,n) lien tuc theo x € K, déu theo ¢t € [0,7T], théem nita
ai; = aj;, (i,7 = 1,---,n) va dieu kién (3.2) théa man. Tuong tng véi
toan tit vi phan ta c6 dang song tuyén tinh Blu, v;t] trén Kr xac dinh bdi
(3.3) v6i moi u, v € HY(K).

Ta xét bai toan sau:
up(z,t) + Lz, t,0)u = f(x,t,u) + h(z,t), (x,t) € Ky, (3.79)
u(x,0) =0, w(x,0)=0, x €K (3.80)
u‘a/CT =0, (3.81)
trong d6 f va h la cac ham da cho.

Dinh nghia 3.2. Mot ham wu(x,t) duge goi 1a nghiem yéu ctia bai toén
(3.79)—(3.81) trén [0,7] néu u € Lo(0,T; H'(K)),us € L2(0,T; Lo(K)),
uy € Lo(0,T; H1(K)) sao cho u(x,0) = u(x,0) = 0, Vo € K va dang
thic

(utt(t)7 U) +B [u? Ch t] - (f(t> u(t))v v) + (h(t)v ?}), (3°82)

thoa man véi moi v € HY(K) va hau khép ¢ € [0, 7).

3.2.2. Bai toan tuyén tinh

Trong muc nay, ta khang dinh sy ton tai duy nhat, tinh chinh quy cta
nghiém yéu trén [0,7] cta bai toan tuyén tinh tuong tng v6i bai toin
(3.79)—(3.81). Cac khang dinh néu ra, chiing ta lap luan tuong ti nhu cac
dinh 1y trong muc 3.1.2.
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a. Su ton tai duy nhat nghiém yéu ctia bai toan tuyén tinh

Khi f(x,t,u) = 0 trén Kr, ta ¢6 bai toan Dirichlet-Cauchy déi véi
phuong trinh hyperbolic tuyén tinh cap hai trén K sau day:

up(z,t) + L(x,t,0)u = h(x,t), (x,t) € Kr, (3.83)
u(x,0) =0, wu(x,0)=0, r ek (3.84)
U|ICT = 0. (3.85)

Ham u(x,t) duge goi 1a nghiém yéu ctia bai toan (3.83)—(3.85) trén [0, T
néu u € Ly(0,T; HY(K)),up € Lo(0,T; Lo(K)), uy € Lo(0,T; HH(K))
sao cho u(x,0) = 0,us(x,0) = 0 vi dang thiic
(un(t), v) + Blu(t), vit] = (h(t),v) (3.86)

thoéa man véi tat cd v € HY(K) va hau khap ¢ € [0, 7).

Bay gio ta dua ra cac dinh 1y nhim khang dinh su ton tai duy nhat va
tinh chinh quy ctia nghiém yéu trén [0, 7] ctia bai toan (3.83)—(3.85).
Dinh 1y 3.5. Vi méi h € C(0,T; Lo(K)) va gid thiét rang cdc hé sé ciia

toan ti L thdoa man

sup {|a;(x,t)|, |bi(z,t)],|c(x,t)| : (x,t) € Kr} < p, p = const.

1<i,j<n

Khi dé bai toan (3.83)—(3.85) c6 duy nhat nghiém yéu u(t),t € [0,T] théa
man

t
Ol + Ol ey < € [ 1M ds, (387)
0
vdi Vt € (0,T]. 0 day C la hang s6 duong chi phu thuéc vao K, T va cdc
hé so ham cua todn ti L.

Ching minh. Noi dung chiing minh ciia Dinh 1y 3.5 dudc trinh bay tuong
tu nhu nodi dung chitng minh cua dinh 1y 3.1 ]

b. Tinh tron ctia nghiém yéu theo bién théi gian ctia bai toan tuyén tinh

Trong cac phat bieu va chiing minh duéi day, ta st dung cac gid thiét
sau:
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(T1) Gia sit ton tai hang s6 > 0 sao cho

sup {|agjes(x,t)], |bies (2, )],

1<i,j<n

Cts(xnt” : (I’,t) S ,CT,S — 07 172} < M-

(T3) Gid st 8 € R,§ = (01,---,04) € R? sao cho 8,0, € [0,1], k =
1,---,d.

(T3) Gia st ring dai dong cac s6 thuc nam gitta hai dudng théng A = —3 va

A= % — [ khong chita cac gia tri riéng ciia toan ti pencil (A, t), t €
0,7]. va =0 < 6, —1 < 6™, k=1, .d.

Lap luan nhu noi dung chitng minh cua dinh 1y 3.2, ta ¢6 dinh 1y sau:

Dinh 1y 3.6. Cho m € N, hy € C([0,T]; Lo(K)), k = 0,1,---,m va
gid thiét (Tq) théa man. Khi dé bai todn (3.83)—(8.85) cé nghiém yéu
u(t),t € [0, T] thoa man

up € C(0,T; H(K)), k=0,1,-,m, Vt € 0,7, (3.88)
m m L
> IOy + sl < O [ (s (389
k=0 k=0 )

Ta dinh nghia khong gian %%l,a bao gom tat cd cac ham wu sao cho
L | .
ue () CY(0,T;Vyy (K). Véi mdi u € A7, va véi méi ¢ € [0,T], ta dinh
j:O ) )

nghia cac chuan sau

k
[Ju(t Hlﬁé = Z g (¢ H 1 Vé HUH%ga = Z HuthC(O,T;Vﬁl:;j(IC))
j=0

Bang viéc sit dung cac két qua trong Dinh 1y 3.6 va Bo dé 1.11, ta ching
minh tinh chinh quy ctia nghiém yéu trén [0, T'] trong khong gian Sobolev
c6 trong, & dé bat dang thiic ning luong dudce thiét lap.

Dinh ly 3.7. Gid sit (T1),(T2), (T3) cung cic dieu kién sau théa man
(Z) htk € V@(’),(}'(,CT)7 k — O7 17 2
(i) h(z,0) =0,
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Néu u(t) € HYK) la nghiém yéu trén [0,T] cia bai todn (3.83)—(3.85)
thi u € H}5 va

u®l 55 < C [ M) pds, t€0.TL (390

Chiing minh. Tt (3.83), ta c6
L(x,t,0)u = h(x,t) — uy(t). (3.91)
T Vi 5(Kr) — Vig (K), ta co
h(t) € Vi (K) N Vs(K). (3.92)

Béi gid thiét (i), hy € VJ5(Kr) < La(Kr). Ap dung Dinh 1y 3.6, ta c6
up(t) € HY(K) = Vi(K). Do Vi (K) — VI5(K) nen uy(t) € VI5(K).
Hon nita, do V3§ 5(K) — Voo (K) nén ta c6

un(t) € Voo (K) N V35(K). (3.93)
T (3.92) va (3.93), ta thu dugc
ha(t) = h(t) — un(t) € Voo (K) NVE(K) = Voo *(K) N VEG(K).
Ap dung B4 dé 1.11, phuong trinh (3.91) ¢6 nghiem u(t) € V3 s(KC) va

(
Hu(t)H%/g,é(/C) < Cth(t)HvO

< ORIy, + Ol )

< C(Hh(t)Hvo )+ s ()17, 00)) - (3.94)

Ta thay ring

198 v, < IAO)lve,oc / ha(3)llvs, ey ds = / () v e d

Suy ra

t
MO, < € [ (), (3.5
0
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Thém nita, tt Dinh 1y 3.6, ta c6

1 t
Jue®)l ) < CY [ M), ey (3.9
0

Tt (3.94)—(3.96), ta thu duge

t
(Ol < € [ 1) g s+ C3° / I (s) s~ (3:97
0

JOQ

Bdi 3,0y, € [o 1] (k=1,---,d), ta co H{(K) = Vi,,(K) = V}5(K). Do
Ao || (t )|| ) < COluat >||i°11(/C)' Stt dung Dinh 1y 3.6, ta c6

1 t
) 0 < C 3 [ Mo () s (3.98)

:()O

1 t
sl ) < Ny < €S [ Nhos) B yods. (399)

j=0 0
t

Tt (3.97)—(3.99), ta co |lu(t)]53 55 < C [ 1M(s)] s5ds, Yt €[0,T]. [
0

3.2.3. Bai toan nira tuyén tinh
a. Tinh duy nhat ctia nghiém yéu ctia bai toan nita tuyén tinh

D&i véi ham f : R3x [0, +oo) xR — R, (z,t,p) — f(z,t,p), taky hieu

af f f

Slf,t, — —Qf,t, 3 x7t7 — —SU,t, 3 x7t7 — —SIZ’,t7 .
filw,t,p) = S (2.t p); falz,t,p) = o (2.4 p); fyl, t, p) ap( p)
Dé khang dinh sit ton tai duy nhat nghiem yéu trén [0,7] ctia bai toan
(3.79)—(3.81), ta can bo sung them cac gia thiét d6i v6i hang tit phi tuyén
f(x,t,u) nhu sau: V6i hiang s6 « € [0, 2], ta néi rang ham f(x,t, u) thoa
méan dieu kién (F') néu cac diéu kién sau dong thoi xay ra

| fo(,t, )] < Clp|**; (3.100)

[ fe(z,t,p)| < Clp|*™; (3.101)
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| fo(z,t,p)] < C(1+ [p|); (3.102)

[f(z,t,p) = f(z,t,q)| < C(|p[* + |a|*)|p — ql; (3.103)
[fe(z,t,p) — fulz, t, @) < C([p|* +[q]%)p — ql; (3.104)
[fe(z,t,p) = fe(z, ¢, q)] < C(lp|* + |a|*)|p — dal; (3.105)
| fo(x,t,p) = folz,t, @)l < C(lpl*™ + g*™H)lp —gl. (3.106)

Ta nhan thay rang néu f(x,¢,0) = 0, tir (3.103), ta ¢
|f(z,t,p)] < Clp|**. (3.107)

Tuong tu, (3.100), (3.101) va (3.102) tuong tng la he qué ciia (3.104),
(3.105) va (3.106) néu f,(z,t,0) =0, fi(z,t,0) =0 va f,(z,t,0) = 0.

Dé minh hoa sy ton tai cdc giad thiét (3.100)—(3.106), ta xét ham f c6
dang f(z,t,p) = o(x,t)|p|%p, v6i o € C?*(K7). Ta thay f, ton tai véi
j=0,1,2va f(z,t,0) = 0. Thém nia, ta c6

| fo(2, t,p)| = |pu(a, t)||p|*F! < Clp|*T
|ft($7tap) — Spt(xat)||p|oé+1 S C|p|a+1;
| oz, t,p)| = |z, t)[(a + 1)[p|* < Clp|*;

|f(z,t,p) — f(z,t, )
< |(z,t)| max{|p|, [q[}*]p — q| < C(|p|* + [q|")|p — ql;
| fa(z, 8, p) — falw,t,q)
< e (z, t)| max{|p|, |q|}*Ip — a| < C(Ip|* + |g|*)Ip — al;
| fi(z,t,p) — fi(x,t,q)|
< [p¢(x, t)| max{|p|, [q|}*|p — q| < C(Ip|" + [q|")|p — ql;
|fp(x,t,p) - fp(i'?,t,Q)l
< ooz, t) (e + D)|Ip|* = |g[*| < C(Ip|*~ + [g]*™") Ip — gl.
Chtng minh sy ton tai nghiem yéu dia phuong, ta can bo dé bo trg sau:
Bo6 dé 3.3. Cho a € [0,2], gid st (T3),(F) théa man va f(x,0,0) =

0. Khi do vdi moi uy,us € %”525 sao cho max  ||u;||2. < R, dat
’ te[0,T),ie{1,2} B0

Ei(t) = f(z,t,u(t), i =1,2, ta cd
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(a) F; € ;%”51,5, i = 1,2 va ton tai hang so C' > 0 doc lap vdi uy, us sao
cho véi moit € [0,T],i = 1,2,

IE@I7 5 < Ol ) + @IS (i) (3.108)
(b) Ton tai hang so6 Cr > 0 phu thuéc R sao cho vdi Vt € [0,T],
[F1(t) — Fo(t)][1,86 < Crllui(t) — ua(?)]]2,.0- (3.109)
Chiing minh. (a). Ta c6
IE@)T 55 = HFz'(t)H%/B{é(/C) + ’|Et(t)\|%/ﬁqé(;c)a 1= 1,2. (3.110)

Ta nhan thay rang ”Fi(t)”%/ﬂlé(lq = A + B, trong dé

2(8 é (0k=1) 2
A= [T (%)™ RoPas
‘o (3.111)
B:/p%l‘[( k) |DF;(t)|*da
Trong (3.111), 4p dung (3.107) va Bo dé 1.9, ta c6
200(0—2+1)
A< 0/ a(B—2+1) (T_k') g 2 \ui(t)\2a>
k=1 P
d (65—1)+a(1-203)
« < 2(5—1)+a(1-28) H< > o " |uz-(t)|2)dx
k=1
< Ol ) (3.112)

Thém nita, tir gid thiét clia «, 0 thi a4+ 2 — 2ad; > 0 va st dung (3.100),
(3.102), ta ¢

[/ 251—[(7%) s (£) 2D g

K

/ ﬁ() (14 Jui (@) )| Dui(t) | *dae

K
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;i (1 |2a+1d£U—|—/ ﬁ( > | D (t )’2dx
/%H<m> i (8) || Dy (t ))\de}

K
=. C(Bl + BQ + Bg) (3.113)

Trong (3.113), béi a € [0,2], gid thiét (T3) va Bo deé 1.9, ta c6

d
T 2% a o
Bi= [ TL(%) st < ()5 1)

20y,

d
p* Tk
<[ /~11(6)

k=1 P
:K 26D TT (T2 e (21T ()
o [ (0 L) i) (1T (2o
K k=1 k=1

< Cllui(®)I2, )

) 20 +a—2ady

d
« <p26+a—2a5 H (T_pk |Dui(t)]2> dr
k=1

< Ol )

a+1
B < C([lui(®)Fs, o) + IS () (3.114)
Tir (3.111), (3.112) va (3.114), ta c6
a+1 .
IE O, 00 < C(I!ui(t)lligﬁ(;q + [|u ()HV ¥ ))) 1=1,2.  (3.115)
Tiép theo, ta co

||Et(t)||%/ﬁ9,5(zc) = [/ 251_[ (Tk)25k|ft (z, t,u;(t))|*dx

K

/%H( ) [fp (@, £ ui(t ))I2|uit(t)|2d:c}

K
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=: C(M + N). (3.116)

Trong bieu thic (3.116), ap dung (3.101) va Bo dé 1.9, ta c6

w<of / " H(m)%k\uz (1) eV
SC[/ 2a+1)( H(Tk:) (1) — 2)’m(t)’2(a+1)dx}

K k=1

< Ol ) (3.117)

Thém ntta, sit dung (3.102), ta c6

d
N§C/ H \uzt )|?dx

d k;
[ TL(E) ™ o) P 1) Pt
,! gl |
=: C'(Ny + Ny). (3.118)

Trong (3.118), stt dung « € [0, 2], (T3) va ap dung Bo dé 1.9, ta c6

r 25k:
/wn(’f) Juia(t) Pda < Clluildy - (3.119)
20(8—2+32) ’ 20(05~2+3) 20
No= [ T (2 ) ui(1)
d
C (Sk adp+< )
b+ H( ) iy () PP
k=1
< cuui<t>u%gz,5<,qHuituw- (3.120)

Tir (3.118)—(3.120), ta c6

N < C(||“z‘t||%//81’5(;c> + Hui(t)”%%5(10HUitH%/B{&(/c))- (3.121)
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Tit (3.116), (3.117) va (3.121), ta thu duge véi mdi ¢ = 1,2 ring

| E ()T, )
2 2 2 2(a+1)
< [lltllys ) + IasC)I3, gy a3 oy + s (DI )] (3:122)
Tit (3.110), (3.115) va (3.122), v6i mdi i = 1,2 ta c6
IE@OIE 55 < Cllluatlliy, gy + O3, o) el
2(a+1
s, ) + e @) 1750

B,
2(a+1
< ClI() 132, + () 135 )] (3.123)

8,8
Két luan (3.108) dugc chitng minh.
(b). Ta thay rang

IFu (1) — Fa(®)[IF 5.5
= [[F1(¢) — FQ(t)HQVB{&(/C) + [[F1e(t) — F2t(t)szg,5(/C)- (3.124)

Lap luan tuong ty nhu chitng minh trong phan (a), ta thu duge

HFl(t) — FQ(t)H%/B{(;(/C) < C(l + ”uQ(t)H%/gﬁ(lC) + Hul(t)H%%(s(’C))
X [Jur(t) — U2(t)H%/g75(/C)- (3.125)

[E3(6) = BaOll2 o) < C(1+ fuze®)y o) ua(t) — wa®) 132,
O+ OIS, o) u1e(t) — w2y, - (3.126)

Tit (3.124), (3.125) va (3.126), boi gia thiét (O] < R,
(3124), (3.125) va (3.126), b gid thiet  max  [lui(t)]lz, <

ta két Tuan duge ting || F(t) — Fo(8)]|2 55 < Crllur(t) — us(t)|2 55 O

Dinh ly 3.8. Cho a € [0,2], gid st (T1),(T2),(Ts3), (F) théa man va
h € Ly(0,T;755); hye € VI5(Kr), k= 0,1,2; f(x,0,0) = 0; h(z,0) = 0.
Khi dé bai todn (3.79)—(3.81) c6 duy nhat nghiém yéu u € %%27(5 trén
0,7], 0 <7< T va

Jullye, < C(L+ I 0 (3.127)

¢ day C la hang s6 duong khong phu thuoc wu.
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Chitng minh. Lay hang s6 duong R va 7 € [0, T] bat ky, ta xét tap hop
M. = {u € 5 u(0) =u(0) =0, [|u®)]2ps < R,Vt € (0,7]}.

(3.128)
Ap dung Dinh 1y 3.7, v6i mdi u € M, thi bai toan
(0w + L(x,,0)0 = fz,t,u) + h(z,t), (2,1) € K,
§ v(z,0) = v (x,0) =0, r e K, (3.129)
Lv(z,t) =0, (z,t) € 0K,

c6 duy nhat nghiem v € %”52’5. Do d6 ton tai anh xa

O M, > HG5 urs O(u) =v.
Ta sé khang dinh réng véi cach chon 7 > 0 phut hop thi ® la anh xa co
théa man ®(M,) C M,.

1. Trude hét v6i mdi u € M, da chon, nghiem tuong tng v = ®(u) cla
bai todn (3.129) thoéa man vdi moi ¢ € [0, 7] bat dang thiic

t T
0Ol 55 < C [ IFG)R 505 <C [IFG)Rppds, (3130
0 0
& day F(t) = f(x,t,u) + h(z,t). Ap dung B6 dé 3.3, ta c6
JIFG)R s < OB + BX) 4 Clh, 0
0

trong d6 C' > 0 1& hing s6 doc lap v6i u. Khi d6 v6i 7 > 0 di nhd sao
cho O (R? + R¥HV) + Cllh17 o) < B2 ta e [0(t)l|200 < R, VE €
(0, 7]. Diéu nay ching t6 ®(M,) C M, .

2. Tiép theo, ta lay ui, us € M,. Khi d6 Bai toan (3.129) ¢6 nghiém tuong
tng duy nhat v; = ®(uy),vs = ®(ug). Dat v = vy — v9 thi v 14 nghiém
cua bai toan

oy + Lz, t,0)0 = Fi(x,t) — Fy(x,t), (2,t) € K,

v(z,0) = v(x,0) =0, r ek, (3.131)
v(x,t) =0, (x,t) € OK,,

/\\

\
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G day Fi(t) = f(x,t,u;),7 = 1,2. Lap luan tuong ty nhu trén va ap dung
Bo dé 3.3, ta co

1 (1) — D(uz)

255 = 0085 < C [ I1Fi(5) = Fas) s
0

< Crrllw(t) — ua(t) 345 (3.132)

Do d6 || P(uy) — P(uz)||26 < O||lui(t) — ua(t)||2.55, Vt € (0, 7] v6i hdng
s6 0 < § < 1 ducc chon tit 7 > 0 di nho. Khi d6 @ 14 4nh xa co thoa man
®(M,) C M.. Ap dung nguyen 1y anh xa co, ton tai duy nhat u € M, thoa
man ®(u) = u. Vay bai toan (3.79)—(3.81) ¢6 duy nhat nghiem u € M,
va [[u(t)|l5 55 < C(1+ HhHi(O,T;%{é)), Vit e (0,7]. O

Truée khi dua ra khang dinh sy ton tai duy nhat nghiém ciia bai toan
(3.79)—(3.81) trén doan [0, 7], ta c6 bo dé sau
Bo6 dé 3.4. Cho g : [0,4+00) — [0,+00) la ham khong gidm va ton
tai € > 0 sao cho gl € C'([0,¢€]),9(0) = ¢'(0) = 0. Khi do ton tai
0 < g1 < &9 phu thuoc s6 b > 0 nao dé va €1 la duy nhat théa man
b+ Mg(z) >z, vdi0<zx<e, (3.133)
b+ Mg(z) <z, wviieg <z <éey (3.134)

vdi b du nho.
Chitng minh. Dat f(x) = b+ Mg(x) — x. Nhan thay f 1a ham lien tuc

tren [0, +00). Ta ¢6 f/(0) = —1 < 0 nén ton tai € > 0 sao cho f'(x) <
0, V0O < z < . Diéu nay dua dén f 1a ham nghich bién trén [0, ].

Ta ¢6 g 1a ham khong gidm nén g(z) < g(e) = C, Vo € [0,¢]. Tu
1
f(z) <0, VOSxﬁs,tacég’(x)<M7 Vo< z<e.

Ap dung dinh 1y Lagrange d6i ham g trén [0, €], ta c6 g(¢) = g(e) —
1
g(0) = ¢'(§)e < —e. Do d6 € > MC. Ta chon g9 sao cho MC < g9 < €.

M
3
Khi d6 v6i b > 0 dit nhé thi MC < g5 — b < e. Suyrag(e):C<€2M .
82—b

Do d6 g(e2) < . Tw day ta thu duge f(ey) < 0. T f(0) =b>0

M
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cung véi tinh nghich bién cia f trén [0, €] nén f nghich bién trén [0, &5].
Do d6, bdi tinh lién tuc clia f nén ton tai duy nhat e; € (0,e3) sao cho
f(e1) = 0. Tt day ta thu duge (3.133) va (3.134). 0

Dinh 1y 3.9. Gid st cdc gid thiét trong Dinh ly 3.8 théa man. Khi dé bai
todn (3.79)—(3.81) c6 duy nhat nghiem yéu u € A5 trén [0,T] va

lu(®)]355 < C(1+ ”hH%Q(o,T;%ﬁ{é))v vt e (0,77,
¢ day C la hang so doc lap vdi .

Chitng minh. Goi u € M., € [0,T] 1a nghiém ctia bai toan (3.79)-(3.81).
Ap dung B6 dé 3.3, va Dinh 1y 3.8, ta ¢6

[ (?)

2(a+1
505 < ClIAIT 0y + CT (1@l 2, o) + ()15 )

B,
2(a+1
<b+ M(HU(t)H%/ﬁ%(/C) + Hu(t)||v(ﬁ2;(r/c))7

ding véi Vt € [0,7], 6 day b= C||hl7 1oy M = CT.

Dat o(7) = sup ||u(t)|]2.54, ta thu duge
0<t<r

o(t) < b+ Mg(o(t)), (3.135)

& day g(s) = s + s*@*1). R6 rang ham ¢ thoa man Bd dé 3.4, vi vay ton
tai 0 < €1 < g9 phu thuoc b va 1 1a duy nhat sao cho

b+ Mg(x) >z, v6i0<uz<e,
b+ Mg(x) <z, viie <z <eés.

vdi b du nho. Néu ta gid thiét 0(0) = b < g1 thi o(7) < &1, V7 > 0. That
vay, gid st o(7) > €, v6i 71 > 0 ndo d6. Khi d6 béi tinh lién tuc cta o
nén ton tai 7 < 71 ma g1 < 0(7y) < 9. Do d6 (3.135) khong théa man
do6i véi 1. Vay dieu gid su 1 sai.

V6i két qué trén, bai toan (3.79)—(3.81) ¢6 nghiem yéu trén [0, 7] (0 <
7 < T) bi chan béi hing sé duong doc lap véi bién ¢. Ap dung phuong phép
thac trién nghiém, bai toan (3.79)—(3.81) ¢6 duy nhat nghiém yéu u(t) xac
dinh tren [0, T va [[u(t)[|5 55 < C(1 + ||h|]%2(O’T;%176)), Vte (0,7]. O



101

b. Vi du
Dé khang dinh sit ton tai clia bai toan (3.79)—(3.81), ta xét vi du sau:

Vi du 3.3. Trén nén K c¢6 canh trong R Kr = K x (0,7),0 < T < oo,
ta xét bai toan sau

(g + L(x,t,0)u+ p(x,t)|u|*u = h(zx,t), (z,t) € Krp,
§ u(x,0) = u(z,0) =0, r ek, (3.136)
\/U'@/C — 07

Ta gid thiét ring o € [0,2], p € C*(Kr), h € Ly(0,T; 5 5) va (T1), (T2),
(T3) théa méan.

Ta thay f(x,t,p) = @(x,t)|p|*p c6 cdc dao ham fy; (7 = 0,1,2) ton tai
va f(x,0,0) = 0. Thém nita, ta c¢6

f(x,t,p)| = |z, t)|]p|*T" < Clp|**
(@, t,p)| = oz, t)|[p]* T < Clp|**;
[fe(a, b, p)| = e (, 8)|[p]** < Clp|*™
|fo(z, T, p)| = |e(z,t)|(a + 1)|p|* < Cp[*;

|f(x,t,p) — f(x,t,q)]

< [p(z, )[(a + 1) max{[pl, |¢|}"|p — q| < C(lp|* + la|*)Ip — ql;
| fu(, t.p) — fu(x,t,q)]

< |pu(z, 1)[(a + 1) max{|p|, [q[}*|p — ¢| < C(]p|* + [q|")|p — ql;
| fi(z,t.p) — fi(z, ¢, q)

< [pe(z, t)[(a + 1) max{|pl, |¢|}*[p — q| < C(|p|* + |a|*)lp — ql;
|fp(:13,t, (5’7 t,q)]

) —
< e, )(a+ D|p|* = lg*| < C(Ip|* " + lg|* ) |p — ql-

Bay gio, ta lay uj, us € 75 thoa ma - < R va dat
ay gio, ta lay uq, us %5 thda man te[o,ITr]l?é{{m} H%H%ﬂ; < R va da
F(t) = f(x,t,u). Khi do6 ta c6

d
— Tk 2(0k—1) o
1B :/pw YT (;) o2 us ()2
K

k=1
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i 20 .
(5) IDellus(t) P Vi

o
K

”ﬁ
e+ 1) [ TT (%) " ellDu) Pt da
C k=1

(a+1)

< Clu®)s 50,

& day C' 1a hang s6 duong doc lap véi u;.

d
7 20 .
Hmﬁmﬁﬂgs/ﬁWn(;)mwmmm““wx

/ H k‘nguit(t)|2’Ui(t)!2adx

K

< Ollui®I75 )y

O day C 1a mot hing s6 duong doc lap véi u. Do dé
a+1
IE@IF 55 < Ol (i), V¢ € [0,T]

v6i C' 1a hang s6 duong doc lap véi t va u;. Lap luan tuong tu, ta c6

[ F1(t) — Fo(t) |16 < Crllui(t) — ua(t)||2,56, t € 10,77,

& day Cr 1a hing s6 duong phu thuoc R. Vi vay, (a) va (b) trong Bo
dé 3.3 théa man. Lap luan tuong tu nhu Dinh 1y 3.8, bai toan (3.136)
c6 duy nhat nghiem yéu u(t),t € [0,7], 0 < 7 < T. Tu cac két qua
trén, ta c6 bat dang thic o(t) < b+ Mg(o(t)),Vt € [0,T], 6 day o(t) =
sup ||u(t )HVM g(s) = s*'. Lap luan tuong ty nhu Dinh 1y 3.9, bai

t€[0,7]

toan (3.136) c¢6 nghiem yéu u(t),t € [0,T].
Tru6c khi dua ra vi du tiép theo, ching ta xac dinh cac toan tit pencil
Ai(A) va (X)) sinh béi bai toan

{Au = f trong K,

(3.137)
u =0 tren 'y, 7=1,---,d.

Tru6c hét, ta nhac lai toan tit Laplace-Beltrami va gia tri rieng ctia toan ti
nay. Cho Q 1a mot tap con mé ctia mit cau don vi S” ! trong R”, n > 3,



103

v6i bién 0€). Thém nitta, cho K 1a mot nén bi chan

K:{x:(xl,--- ,x,) € R": w:%EQ}.
T
Ta ki hiéu p = p(x) = |x|. Ta quan tam t6i nghiém ctia bai toan Dirichlet

(AU =0 trong IC,
< (3.138)
U=0 tren OKC \ {0}.

Nghiém ctia bai toan nay c6 dang

Ulx) = pru(w), (3.139)
& day A 1a mot s6 phide. Néu K = R™ \ {0}, khi d6 Q = S, thi (3.138)
duge xét ma khong can té6i dieu kién bién.

Bé6i hée toa do cau p,m1, -+ ,n,_1 thi toa do Cartesian (1, X2, -+ ,Zy,)
dugc bién doi thanh

(55'1 — P COST,
X9 = psinn; cos s,
<
Tp_1 = PSINN SNy ---SIN7,_2COSN,_1,
( Tn = psinn sinny - - - SiN1, o SN 1), 1,

G day mi, -+ ,Mn_o € [0, 7], np_1 € [0,27]. Khi d6 ta c6

# n—10 1
A = iy 3.140
02 p op 2 (3.140)

vOl

5 = ni ! 0 ((sin nj)"—j—li>, (3.141)

= gj(sinn;)" == On;

¢ =1,q; = (sinmsinny---sinn; 1), j=2,---,n— 1. (3.142)
Toan tit 0 dudce goi 1a toan tit Laplace-Beltrami, goi tat 1& toan ti Beltrami.

Khi nay U 1a nghiém ctia (3.138) néu va chi néu ham p*"U(z/p?) 1a
nghiém ctia (3.138). Phép bién ddi U(z) — p* "U(x/p?) dudc goi 1a phép
bién doi Kelvin. Thay (3.139) vao (3.138), ta c6

{5u —AMA+n—2)u=0 trong (2,

(3.143)
u =0 trén 0f).
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Ta dua ra chuan

110 >
Jullineco / Z M), (3,144

1 49 on;

6 day dw = sin" ?n; sin 21y - - - sinn,_odn; - - - dn,—; 14 do do tren Q. Ta
cO

v6i moi u € C§°(Q). Goi WH(Q) 1a khong gian Sobolev véi chuan

1
lullwzi) = (lullf, @ + lulfg)?

va goi W12() 1a bao déng ciia C3°(Q) tuong ting v6i chuan (3.144). Khong
gian W~1%(Q) dudc goi 1a khong gian d6i ngau ctia W12(Q) tuong ting
véi tich trong trong Lo(€2). Khi d6 ta xac dinh duge toan ti

5= AA+n—2): W2(Q) - W Q)

clia bai toan (3.143), duge ki hieu la ()). O day & duge hiéu nhu 13 md
rong cua Friedrichs ctia toan t vi phan (3.141) xac dinh trén C§°(€).
Toan t& —d 1a tu lien hop, khong am va c6 pho roi rac. R6 rang rang \ 1a
mot gia tri rieng clia toan tit pencil 4 néu va chi néu A(A +n — 2) la gia
tri riéng ctia toan ti —o.

Cho {A,;};>1 la day khong gidm céc gia tri rieng clia toan ti —d dém
duge véi s6 mi cia ching. Thém nita, goi {¢;};>1 1a co s6 truc chuan
trong Lo (€2) dong thoi 1a day cac ham riéng tuong ting véi cac gia tri rieng
A;. Khi do

n n\ 2 ,
Aﬁ:1—§i¢o—§)+Aﬁgsznw (3.145)

la cac gia tri riéng cua toan tu pencil U va vy; = @, la cac ham riéng tuong
tng. Tt cho A; >0,taco \; >0va i ; <2—-—nvéij=12 - --.Diac

2
< \/<1 — %) + Ay khong chira cac gia tri

madasémmﬂReA—1+g

riéng cua 4.
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Trong nén bi chin K C R3, xét toan tit L(D,) = —A, ta c6 bai toan
Dirichlet

—Au=f t K,
u=J trong (3.146)
u=20 trén OK.
Cac toan tit pencil Ag(A), () sinh béi bai toan Dirichlet
—Au=f t K,
u=J trong (3.147)
u =0 trenl';, =1,---,d

dugc xac dinh nhu sau:

- Déi véi toan tiv Ap(\) : Ta lay M, 14 mot canh ndo dé clia nén K
trong R>. Goi [, , ;. 1a cdc mét ctia nén K c6 chung canh M;.. Ki hiéu
F2+, I’%_ tuong tng 1a hai nita mat phang tiép xtc véi I Iy tal My va
c6 bd 1a Mj.. Ta thu duge nhi dign Dy sinh béi I}, T} c6 canh M. Goi
0, v6i 0 < 0, < 2w, 1a gbc mé ctia Dy,. Ta xét bai toan Dirichlet sau

{—Au = f trong IC,

3.148
u=20 trén in. ( )

Toén t1t pencil tuong tng sinh bdi bai toan (3.148), ki hieu Ax(\) véi A 1a
s6 phitc bat ki. Ta goi 7, ¢ 1a toa do cuc trong phang truc giao v6i M}, sao
cho v = p(z) = £% véi x € Iy, var = dist(z, M) véi x € K. Khi d6
toan tit pencil Ay(\) duge xac dinh béi A, (MU () = r2 M (—=A)(r*U(p)).
0°U 10U 10°U d?
Tit (3.140), AU = —— + ~— + ———. Ta c6 Ap(\) = ——— — A\? anh
( ) or? i r Or i r2 Op? a oo Ap(A) dp? an

xa tit W22 (= % %) a2 = % %) o L~ %,%). Ap dung két

qué trong [53, Chapter 2|, cac gia tri rieng ctia Ax(\) 1a A\, = j%, j =

+1,+2,--- . T day céac s6 duong 5@ va 6% duge chon tét nhét sao cho
dai —6" < Re X < (5@ khong chtta gia tri riéng nao cta toan tit pencil
Ar(N) 1a

DL (3.149)

Ok

- D4i véi toan t1t pencil U(\) : V6imdi A € C, ta dinh nghia toan ti phu
thuoc A, LINU = p* M =A)(p U (w)), ¢ day p = p(z) = |z|,w = w(z) =
‘i—|, xr € K,U la ham xac dinh trén 2 cia nén K. Ta dinh nghia toan tu
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pencil L(\) xac dinh béi LU(N) : WH2(Q) = V,"3(Q) — W 12(Q), U —

—AU. Ta c6 toan tit Beltrami —6 = 8%22 trén €. T (3.145), gié tri riéng

cia U(A) xéc dinh bdi Ay = —% T4/ A+ i Khi d6 khodng dong [—1; 0]
khong chita cac gia tri rieng ctia $(N).
T cac két qua dat duce déi véi toan ti¢ Ax va U trén nén bi chan
K C R?, cac gia thiét (Tz), (T3) duge xac dinh ré nhu sau:
(T*) Gid st B €R, 6 = (61, ,64) € R? sao cho
e [0%]—% <Sp—1< 9% k=12 d.
Bay gio ching ta xét phuong trinh Sine-Gordon trong nén cé canh.

Vi du 3.4.

(

uy — Au = sinu (x,t) € Krp,
qu(z,0) =0, w(zr,0)=0 zek, (3.150)
\ula]CT = 0.

Ta ¢6 f(x,t,p) = sinp, h(xz,t) = 0 trén Kr. Do d6 nghiem yéu ctia bai
toan ton tai duy nhét trén [0, 7). Ap dung Dinh ly 3.7, gid sit (T*) théa
man va néu u(t) € H'(K) la nghiem yéu ctia bai todn (3.150) thi u € 7

v [[u(t)

t
3,6,5 < be Hf(S)Hiﬁ)(;dS, t € [0,T]. Bay gio ta gid thiét ring

o = 0 thi ham F(t) := f(x,t,u) = sinu thda man BS dé 3.3. Ap dung
Dinh 1y 3.9, bai toan c¢6 nghiém yéu tren [0, 7.

Két luan chuong 3

Stt dung phuong phap xap xi Galerkin, 4p dung bai toan elliptic trong
mién da dién va nguyeén 1y diem bat dong, chiing toi khang dinh ton tai duy
nhat, bieu dién tinh chinh quy ctia nghiém yéu trén [0,7] (0 < T < o)
trong khong gian Sobolev ¢6 trong 2%, (%”52,5 cua bai toan Dirichlet-Cauchy
d6i v6i phuong trinh hyperbolic nita tuyén tinh cap hai trong cac mién c6
canh va noén c6 canh. Trong phuong trinh ctia bai toan ching to6i xét 16p
cac ham F(z,t,u, Du), F(xz,t,u). Vi vay két qua dat dugc da thé hien qua
tinh tong quét ctia phuong trinh so véi [58].
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Chuong 4

PHUONG TRINH TRUYEN SONG NUA TUYEN TINH
VOI CAU TRUC TAT DAN

Trong chuong nay ching toi nghién citu bai toan gia tri ban dau khong
dia phuong trong 16p phuong trinh vi phan cap hai nia tuyén tinh trong
khong gian Banach v6i cau trac tat dan, day 1a mot dang tritu tuong cla
bai toan bién ban dau déi véi phuong trinh truyén séng véi cau tric tat
dan. Bang viéc st dung do khong compact phlt hop trén khong gian céac
ham nhan gia tri trong khong gian Banach lién tuc bi chin trén RT va
dinh 1y 4nh xa nén trong [4, 45], chiing t6i chiing minh sy ton tai nghiém
mém phan ra theo téc do mi ciia bai toan.

4.1. Thiét lap bai toan

Tru6c khi thiét 1ap bai toan déi véi phuong trinh truyén séng véi cau
tric tat dan, ta xét cac vi du sau:

4.1.1. Vi du mé dau

1. Cho 2 C R” 1a mién bi chan véi bién 92 du tron. Ta xét bai toan
sal:

wy (t, ) — pAguy(t, 2) + A2u(t) = f(t,z,u(t,z)), t > 0,2 €Q, (4.1)

u(0,z) + /k(:ﬁ,y)u(O,y)dy = p(x), © € Q, (4.2)
0

u (0, ) + Z Ciu(t;, ) = (x), x € Q, (4.3)

ulgo = 0 (4.4)

§day f: RYx QxR — R1aham lien tuc, p € HH(Q)NH2(Q), ¢ € LX)
va k€ L?(Q x Q) sao cho Ak € L*(Q x Q). Bang cach dit X = Ly(Q),
toan tit A = —A, c¢6 mién xac dinh D(A) = H'(Q) N H?*(Q). Theo Vi du
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1.3 thi —A sinh ra Cy—ntta nhom {T'(t) };>¢ gidi tich, compact va on dinh
mil. Chung ta viét

u(t) — u(ta ')7 f(tv U) — f(tv " U('))a
o) = / K )0, )y, hw) = 3 Cuufti, ).

Q

Khi d6, bai toan (4.1)-(4.4) c6 dang tong quat sau day:

u (t) + pAuy(t) + A*u(t) = f(t,u(t)), t>0 (4.5)
w(0) + g(u) = z0, w(0) + h(u) = yo, (4.6)

2. Bay gio ta xét bai toan (4.1)-(4.4) d6i véi mién Q bi chin trong R?
v6i bien 0N chita gbc z = 0 va né la tron trit diem 2 = 0. Trong lan
can diém goc x = 0, mién Q trung v6i géc C, = {(rcosf,rsinf) : r >
0,0 < 0 < w} véi do m6 w € (0,7). St dung cac ky hieu va két qua
trong [61], ta thay tap A = { + ]L—”, k € N*} 1a tap cuc diem ciia toan
tt L(\) = L(w,rdr, Dw) = r*A,r = |z|,w = & (xem [51, 6.1.8. Vi du,

||
trang 209]). Do d6 tap hop Ag = {A € A: Re A € [0,1]} = (. Ap dung
(61, Dinh 1y 3.1], toan tit —A = A ¢6 mién xac dinh

D(—A)={ue H'(Q): Aue Ly(Q)} = HZ(Q) N HY(Q).
V6i moi A > 0, ta xét bai toan

{Au@c) — Au(z) = f(2),

(4.7)
ulgn = 0,

& day u € D(—.A) 1a ham chua biét, f € Lo(Q) = HJ(Q) da cho. Lap luan
tuong tu nhu Vi du 1.3, Bai todn (4.7) ¢6 duy nhat nghiem u € H(Q).

Ap dung [61, Dinh 1y 2.5] d6i véil = B = v = 0,m = 1,n = 2 v&
f € Ly(2) = HY)(Q) va trén duong thang thuc Re A = 1 khong chita diém
ky di ctia L()\) thi nghiem u € HY(Q) chia bai toan (4.7) thuoc HZ(S).
Bdi két qua nay ta két luan duge ring véi mdi f € HY () = La(), bai
toan (4.7) ¢6 duy nhat nghiem u € D(—A).

Tiép tuc lap luan tuong tu nhu Vi du 1.3 ta thu dugec —A = A sinh ra
Co—nita nhém giai tich {T'(t)i>0} trén X = HY(Q) = Ly(2). Do d6 ta c6
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{T(t)}+>0 1& ntta nhém lién tuc chuan va on dinh mi. Bai toan (4.1)-(4.4)
cing dua duge vé bai toan (4.5), (4.6).

Tu phan tich trén, ta xét bai toan trtru tuogng sau.
4.1.2. Bai toan

Cho (X, ]| -||) 1a khong gian Banach, ta xét bai toan hé dan hoi véi cau
tric tat dan gom céac diéu kién khong dia phuong c6 dang sau

w(0) + g(u) = zo,  w(0) + h(u) = o, (4.9)

6 day A: D(A) C X — X la toan tr tuyén tinh déng, p > 2 la hing

s6 da cho, xg € D(A),yo € X va g, h, f 1a cadc ham da cho, ching sé duge
gidi thich ro rang trong phan sau.
Bay gio ta xay dung dinh nghia nghiém mém ctia bai toan (4.8)—(4.9).
Truée hét doéi v6i he dan hoi tuyén tinh véi cau tric tat dan
wy 4 pAuy(t) + A*u(t) = h(t), 0 <t <T (4.10)
u(0) = x9 w(0) = yo, .

trén khong gian Banach X, é day h: [0,7] — X. Ta xét phan tich sau
s, 0
— — = h(t
(at—l—alA) (6t+O2A>u (1)

0% ou 2
@‘l—(ﬁl—l—Uz)AE‘l‘UlUQA U:h(t>- (4.11)

Phuong trinh (4.10) dong nhat (4.11) néu o1 + 09 = p, o100 = 1. T gid
thiét p > 2, hé phuong trinh trén luon xéc dinh nghiém o, 09, cu thé nhu

tuong duong

sau

, /=4 e
(1) Neu p > 2, th\10'1:p+ P ,0'2:p P :
2 2

(ii) Néu p =2, thi oy =09 = 1.

0
Dt a—? + o0 Au =v(t), 0 <t < T, thivy:=v(0) = yo+ o2.A(x). Khi dé6
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tr bai toan (4.10) ta c6 hai bai toan Cauchy trong khong gian X nhu sau

’@+ Av="h(t), 0<t<T

< 8t 01AV — 9 ) (412)
\U(O):U(Ja

( Ou

<§+02Au—v(t), 0<t<T, (4.13)
L u(0) = o

Ro rang (4.12), (4.13) 1a cac bai toan gia tri bien khong dong nhat. T gia
thiét —A sinh ra Cy—ntta nhém {T'(t) };>0, ta c6 —o1A, —02.A tuong ting
la cac phan ti sinh ra Cy—ntta nhém {S1(t) }e>0, {Sa2(t) }eso trén X, S1(t) =

T(o1t), S5(t) = T(oat), t > 0. Ap dung két qua trong [63, Muc 4.2], véi
gid thiét h € L1 (0,T; X), bai todn gid tri bién tuyén tinh (4.12) ¢6 nghiém
mém v biéu dién béi hé thiic

o(s) = Sy (s)vo + / Sy(s — 7)h(7)dr (4.14)

Tuong tu, néu v € C([0,77; X) thi bai toan gia tri ban dau tuyén tinh
(4.13) ¢6 nghiem mém u biéu dién bdi hé thic

u(t) = Sa(t)(zo) + / So(t — s)v(s)ds. (4.15)

Két hop (4.14) va (4.15), ta c6

u(t) = Sy(t) (o) + / Syt — )5 (5)vyds

t

+ //832(75 — 5)S1(s — T)h(T)drds.

0

Trén co s6 lap luan nhu trén, ta c6 dinh nghia nghiém mém ctia bai toan
(4.8)—(4.9) nhu sau:

Dinh nghia 4.1. Mot ham u € C([0,T]; X) duge goi 1a nghiém mém cua
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bai toan (4.8)—(4.9) tren [0, T] néu

u(t) = Sol(t) (2o — glu)) + / Syt — 5)S1 ()vods

+ j/SSQ t—s)S1(s — T)f(T,u(T))des, (4.16)

0
véi bat ky ¢t € (0,77, 6 day vy = yo — h(u) + o2 A(zo — g(u)).
4.2. Su ton tai nghiém mém ctia bai toan

Trong muc nay, ta khang dinh su ton tai nghiém meém ciia bai toan
(4.8)-(4.9) trén [0,T] v6i T > 0 nao d6. Dé thuc hien dugce diéu nay, ta
gid thiét rang
(A) Toan tit —A sinh ra Cy—nita nhém lien tuc chuan {7T'(t)};>o trén
khong gian Banach X. Bdéi gia thiét nay, D(A) v6i chuan graph

Izllpea) = Izl + (| A=]l,

tré thanh mot khong gian Banach.
(G) Ham g : C([0,T]; X) — D(A) dugc xéc dinh béi cac diéu kien:

(i) ¢ la ham lién tuc va
lg(w)llpay < Oy(llulle), Yu e C(|0,T]; X), (4.17)
6 day 0, : R™ — R™ la ham khong giam.

(i) Ton tai cac hang s6 khong am 7,,&, sao cho v6i moi tap bi chin

QC C(0,T]; X),

x(g(Q)) < ny xr(), (4.18)
X(Ag(Q)) < & xr(€2). (4.19)

(H) Ham h: C([0,7); X) — X thdéa méan céc diéu kién sau
(i) Ton tai 0 : R™ — R™ la ham lién tuc, khong gidm sao cho

1P(w)|lx < On(llulle), Yu e C([0,T]; X)), (4.20)
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(ii) Ton tai hang s6 duong 7, sao cho

X (7€) < mw xr (), (4.21)
véi tat ca cac tap bi chan Q C C([0,T]; X).
(F) Ham phi tuyén f: RT x X — X thda man
(i) f(-,v) 1a ham do dugc d6i véi mdi v € X, f(¢,-) lien tuc hau khap
doi véi t € [0,T] va

L£ (¢ 0)llx < m()0;([[v]lx), (4.22)

véi tat cd v € X,t € [0,7], 6 day m € L1([0,7]),0; : R" — R* la
ham lién tuc, khong giam.

(i) Néu {T'(t)}+>0 khong la nita nhém compact thi ton tai ham 7y
R* — R* théa man ny € L1(0,7T) va

X(f(t, ) < ng(t) xr(9), (4.23)
v6i tat cad cac tap bi chan Q C X.
Nhan xét 4.1. 1) Néu f(¢,-) théa man dicu kién Lipschitz, tic &
1 (E,01) = (L, 02) < Eyp(t)]Jor — va x,
v6i ham ky € L1(0,7) nao do, thi (4.22) va (4.23) déu théa man.
2) Néu g la compact, thi (4.18) thda man.

Dat Sl( ) (O‘lt) SQ( ) (O'Qt) 01+ 09 = p,0109 = 1,0 < 01 < 09.
Ta ki hieu Bg = {u € C := C([0,T]; X) : ||lu]lc < R}, 6 day R 1a s6
thuc duong da dugc chon. Ta thay rang Bpr 13 tap con déng, 16i, bi chan
cua C([0,T]; X). Ta dinh nghia toan ti nghiém F': Br — C nhu sau:

Flu)(#) = Sy(t) (o — g(u)) + / So(t — )5 (5)vyds

+jj52 t—s)Si(s — 1) f (7, u(r))drds, (4.24)

0
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véi moi u € Br va véi moi ¢t € [0,T]. Ta nhan thay F 1a anh xa lién tuc
tréen Bg. That vay, v6i moi u € M, ta lay day {u,}°°, C M,u, — u khi
n — oo. Khi d6, bdi tinh lién tuc ciia cdc thanh phan tham gia trong F),
ta thu duge {F(u,)(t)} — F(u)(t) v6i moi t € [0,T]. Bay gio ta dat

M = sup [|S(®)lleex), Ar = sup / 15t = 5)4(5) e

t€[0,T t€[0,T

t s
Iy = sup //Hsz (t — $)S1(s — 7|l ecoym(r)drds.

te[0,7
0

O, néu nita nhom {7'(t) };>¢ 14 compact,
t s
Or = sup [ [[[Sa(t = 5)S1(s — T)llcxyny(T)drds,
t€[0,710 0
déi v6i cac truong hop con lai.

\
B6 dé 4.1. Gid sit (A), (G), (H), (F) théa man va néu

lim inf 1 [MOy(n) + (On(n) + 020,(n))Ar + 05(n) L] < 1 (4.25)

n—oo m

thi luon ton tai so thuc duong R dé sao cho F(BRr) C Bg.

Chitng minh. Bang phan chiing, ta gia thiét ton tai day {u, 22, C Bg sao
cho ||u,||c < n nhung ||F(uy)||c > n. Tt hé thic cua F, ta c6

F(un)(t) = F1(un)(t) + Fo(un) () + F5(un)(t),
d day

Fy(v)(t) = Sa(t)(zo — g(v));

S9
Fy(v)(t) = / Sa(t — $)S1(s) (o — Alw) + o0 A(zo — g(v)))ds:

t

Fg(v)(t)://Sg(t—S)Sl(S—T)f(T,U(T))deS.

0 0

Ta co

1 (un) (D)l x < [[F1(un) () L + (| F2 () (8[| x + ([ E3(un) (@) || (4.26)
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13 () (1) 1x < 1152(0) Loy (zolloga + 19w ops)
< M(|l2ollpa) + 8y (). (4.27)

12 (un) ()| x < / 182t = 8)S1(s)ll ) (ol + 117w || x

+ ool Azl x + 2l Ag(u,) || x)ds
< (llvollx + 1A(un) |l x + ool Azollx
+ 0|| Ag(un) | pay) Ar
< (llvollx + 0n(n) + ool Azo||x + 02by(n)) Ar. (4.28)

1B Ollx < [ [ 182(t = )81 = Dol (7 () xdrds

< / / IS5t = $)Su(s — 7)) (705 (8)]1x)drds

< 0¢(n)Yr. (4.29)
Tt (4.26)-(4.29), ta c6
| F(un) ()l x < (Mllzollpa) + lyollx + ool Azol x)
+ (Meg(n) + (Qh(n) + Ogeg(n))AT + Hf(n)TT),
suy ra
|1 F (un)llc < (Mlzollpeay + llyollx + o2 Azl x)
+ (Mﬁg(n) + (Hh(n) + Jgeg(n))AT + Gf(n)TT)

Do do

1 1
L < ([F(un)lle < —[Mllzollpea) + lIgollx + o2l Azollx]

4 [MB,(n) + (Bu(n) + 028, (m))As + 6;(n) V). (430)

n
Tu (4.30), cho n — +o00, cung vé6i gid thiét (4.25), ta thu duge dieu mau
thuan. Bo dé 4.1 dugc chitng minh. O

Bo deé 4.2. Gid st cdc gid thiét cia Bo dé 4.1 déu théa man. Khi dé
xr(F(D)) < | My +4(m + 028)Ar + 807 | xr(D),  (431)
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vdi tat cd cdc tap bi chan D C Bp.
Chiing minh. T tinh chat ntta tuyén tinh ctia x7, ta cé
xr(F(D)) < xr(Fi(D)) + xr(F2(D)) + xr(F3(D)) (4.32)
1. V6i moi 21, 23 € Fy(D), luon ton tai uy, us € D sao cho véi t € [0, T],

zi(t) = Fi(u)(t) = Sa(t) (xo — g(u;)), t €10,T], i =1,2.

l21(t) = 22(t) Ilx = I|S2(t)g(uz) — S2(t)g(ur) | x = [1S2(t) (9(u2) — g(ur)) | x-

Suy ra

121 = zafle < [[52(0)llcen llg(u) — g(un)llx < Mlg(uz) = g(ur)|lx-

Do do6
xr(Fi(D)) < M x(g9(D)) < Mngxr(D). (4.33)

2. Ap dung Méenh dé 1.3, luon ton tai day {u,}°2; C M sao cho v6i moi
e > 0 thi
X (Fo(M)) < 2xr({Faun) }o2y) + e (4.34)

Ta co
(P ®)) <2 [ x(Sa(t = 9)51(5) (o0 — ()

+ o3 A(w0 - g({wn}))) ) ds

2 [ x[Sa(t = )81 (B ) + o2Ag({u, )] ds

<9 / [1Sa(t = $)S1(5) ) (X (h({ua})

+ oax (Ag({wn})) ) ds.

Ta nhan thay {F>(u,)} 1a dong lien tuc. That vay véi moi € > 0, ta chon
duge 6 := (). Khi d6 v6i moi t1,ty € [0,T], [t2 — t1] < 0 va v6i moi
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n € N* thi
[ F2(un ) (t2) — Fa(un)(t1)] x

t

| / Sa(ts — )1 (s)vy ds — / Sa(tr = 5)Su(s)vds||

0
1

<| [ st~ [ st - 5],
| [sita-osma],

<T sup [Si(Olleon ol [ 1520tz — 5) = Salts = ) ecds

t€[0,7

+ sup [|Sa(t = 5)llecx) sup [1S1(8) e llollxlts —ta] < e.
te[0,T] s€[0,T]

Tu tinh dong lien tuc ctia {Fy(u,)} ta thu duge
xr({Fa(un)}) < 2(m xr({un}) + 026 xr({un})) Ar
< 2(nn + 02&) Ar x7(D), (4.35)

diéu nay c6 duge 1a nho vao cac gia thiét (G) va (H). Tiu chd € > 0 1a
fity ¥, tir (4.34) va (4.35) ta co

xr (Fo(D)) < 4(my + 02&,) Ar x(D). (4.36)

3. Ap dung Meénh dé 1.3 them mot 1an nita, v6i moi € > 0, ton tai day
{un oo C D sao cho

Ta co

X ({ F3 (un ) ( 4//)( (Sa(t — $)S1(s — 7) f(7, {un(7)}))drds.

Néu {T'(t)};>0 1& nita nhom compact, thi {S3(¢)};>¢ cling 14 nita nhém
compact. Khi do

X (S2(t —$)S1(s — 7) f (7, {un(7)})) =0 v6i hau khip 7 € [0, 7.
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Trong trudng hop nay, ta thu duge x ({F3(u,)(t)}) = 0. Trong céc truong
hgp con lai, ta co
t

(B 0) <4 [ [ 152 = 95105 = 7)lecox (/. {un(r)]) drds

0 0
t

1/ / I9a(t = $)S1(s = )l ey (P ({un(7)}) drds.

0

IA

Chitng minh tuong tu nhu trén, ta c¢6 {F3(u,)(t)} 1a dong lién tuc. Khi d6

xr({F3(un)}) < 407x7(D). (4.38)
Tir (4.37) va (4.38) ta c6

xr(F5(M)) < 80rxr(D). (4.39)

Tir (4.32), (4.33), (4.36) va (4.39), ta thu dugc
xr(F(D)) < [ My + 40 + 026,)|Ar + 80| xr (D). (4.40)
Bo6 dé 4.2 duge chitng minh. O

Pinh 1y 4.1. Gid st cic gid thiét cia Bo dé 4.2 duoc théa man va
== Mny, + 4(nn + 02&,)|Ar + 801 < 1. (4.41)

Khi dé bai todn (4.8)-(4.9) c¢é it nhat mot nghiém trén [0, T).

Chitng minh. Bdi gid thiét (4.41), toan tit nghiem F' 1a yr— nén. Thuc
vay, néu D C Bp la tap bi chan thoa man xr(D) < xr(F(D)), ap dung
Bo deé 4.2, ta thu duge

xr(D) < xr(F(D)) < Ixr(D).
Do d6 x7(D) =0, nén D la compact tuong doi.

Bdi cic gia thiét clia Bo dé 4.1 nén ta c6 F(Bg) C Bg va F lién tuc.
Tiép tuc ap dung Dinh 1y 1.15, anh xa nghiém F' xac dinh bdi (4.24) c6
tap diem bat dong Fiz(F) 1a compact, khac tap (). Diéu nay ching t6
rang bai toan (4.8)—(4.9) c¢6 nghiém u(t) biéu dién béi (4.16). ]
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4.3. Su ton tai nghiém mém phan ra ctia bai toan

Trong muc nay, chung ta xét toan tu nghiém F' trén tap sau:

BC}L(B) = BrNn{ve BCR";X): Sup e lv(®)|lx < B}

teR
6 day Bg 1a hinh cau dong trong BC(R™; X)) ¢6 tam tai gbc, ban kinh R; 3
va 7y 1a céc so thuc duong sé duge lya chon sau. Ta nhan thay BCL(5) 1a
tap con 10i, déng, bi chin trong BC(R™; X). Tréen BC}(5) ching ta st
dung do do khong compact x* duge xac dinh béi (1.21). Ta sé chiing minh
F(BC}(B)) € BCL(B) va F la x*—anh xa nén tren BCH(8). Trong cac
gia thiét (A), (G), (H), (F), ching ta thay thé bdi gid thiét tuong ting
manh hon, do6 la:

(A*) Toan tit —A la phan ti sinh ciia Cy—nita nhém lién tuc chuan
{T'(t)}1=0 sao cho |T(t)]lox) < Ce ™™, t > 0, & day C,6 la cac hing
s6 duong.

(G*) Gia thiét (G) théa man véi bat ky T > 0.
(H*) Gia thiét (H) théa man véi bat ky T > 0.

(F*) Gia thiét (F) théa méan v6i O¢(r) =r, ny € L°(R") vam € L} (R")

sao cho .

K = sup/e(5017)<87>m(7)d7 < +o00.
s>0
0

Ta dat

Moo = sup [|S2(t)]l20x), Aso = Sup / 152t — $)51(5) ey

teR+ teR+

t s
sup//HSQ (t — $)S1(s — 7)l|ecoym(r)drds.
teR+O .

p

0, néu nita nhém {7'(t)};> 1a compact,
t s
O = < sup [ [||S2(t — $)S1(s — )| coxyny(7)drds,

teRTt 0 0

d6i v6i cac truong hop khac.
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Trong cac phat biéu va chiing minh dudi day, ta luon chon v € (0,d0] la
co6 dinh.

B6 dé 4.3. Vi cdc gid thiét (A*), (G*), (H"), (F*) va néu

o
lim inf — McBy(n) + (00(n) + 020,(n) Anc| + T <1, (4.42)
2
w By (4.43)
do9 — 7y

thi ton tai cdc so duong R, 3 sao cho F(BCL(8)) C BCL(B).

Chiing minh. 1. Trudc hét, ta ching minh sy ton tai clia Bgr sao cho
F(Bgr) C Bg. That vay, gid st nguge lai rang v6i moéi n € N, ton tai
U, € B, théa man ||u,|ls < n nhung ||F(u,)||s > n. Lap luan nhu Bo
dé 4.1, ta co

Fy(un)(8)]lx < Mo (|lzoll gy + (1)) (1.44)
Fy(un)(0)1x < (lollx + 6n(n) + 0l Azol x + 020, (m) A, (4.45)
Fy(uw,) (8] x < nlw. (4.46)

Tir (4.44), (4.45) va (4.46), ta thu dugc

1 F(un)(t)||x < [Maollzollpeay + l|lvollx + o2l Azol| x|
+ [Mooy(n) + (01(n) + 020,(n)) A +nls],

vol moi t > 0. Do do
1 1
1< (1F(un)lloe < —[Moo||zollpea) + [lyollx + o2l Aol x]
1
+ [ MooOy(n) + (0(n) + 020,(n)) Moo + nl's] (4.47)
Qua gidi han khi n — oo, ta thu duge dieu mau thuan véi (4.42).

2. Tiép theo, ta ching minh ton tai 8 > 0 sao cho F'(BCHL(S)) C BCL(B).
Thuyc vay, ta gid sit ngugce lai rang véi mdi n € N ton tai u, € BC}h(n)
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(ttic 1a sup e”*||u,(t)]|x < n) sao cho sup e[| F(u,)(t)||x > n. Khi d6
teRT teRT

e[| Fi(ua) ()]l x < € 1S2(0) ]l ex) ([zollpiay + lg(un)llpea))
< 1928l (lwollpea) + Oy (lunll))

C  leollopy + 6,(R)]

< Clllwollow + 0,(R)]. (4.48)

A

|| Fa(un) (1) ]| x < e”t/ 182t = 8)S1(s)ll ) (ol x + [17(un) |l x

+ 09| Aol x + 02| Ag(un) | x)ds

< Clllyollx + On(llunlloc) + o2l Azoll x
t

) e R
0
< Ci[llyollx + On(R) + ool Axo|| x + 098, (R)],  (4.49)

v6i moi t > 0, dieu nay ¢6 duge la do u, € BC}h(n). O day C, la hing s6
duong doc lap véi u,,.
!

e[| F3(un) (8] x < 6”/ 152(t = 5).S1(s — 7)) [[ £ (7, un (7)) | xdTds

0
t s
<02 [ [ e (o) fuy (1) edrds
0 O

t s
< nc«2€*yt / 6—502<t—8) ( / 6—501(5—7)—’y'rm(7_)d7_> ds.
0 0

ta thay ring

S

/6501(57')77'm(7_)d7_ _ /6501(37)+7(37)675m(7)d7_
0 0

= 6_73/6_(501_7)(8_T)m(7)d7 < Ke 7%,
0
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diéu nay c6 dugc 1a nho v < doq. Do d6
t

K 2
| Fy(un) ()| x < nC?K e / eonalt=9-s g < MO
002 — 7y

(4.50)
0

Tit (4.48)-(4.50), ta c6

" | F(un)(®)llx < Collzollpeay + llyollx + o2l Azl x
nK(C?
009 — 7y

)

+ (1 +02)0,(R) + 0u(R)] +
v6i Yu, € BCh(n) va vt > 0, 6 day Cy = max{C,Cy}. T d6 suy ra

1 Co
L< o sup N E(un)(O)llx < —[llzollpa) + llgollx + o2l Azol x

KC?

+ (1 +02)0(R) + On(R)] + —

Qua gidi han khi n — oo ta thu duge dieu mau thuan véi (4.43). O
Bo6 dé 4.4. Gid si (A*), (G*), (H*), (F*) théa man. Khi dé ta luon co

X (F(D)) < | Maoty + 40 + 026) Ao + 80| X'(D),  (451)
vdi tat cd cdac tap bi chan D C BCL(B).

Chiing minh. Cho D C M, 1a tap bi chan bat ky. Ta ¢6

a (F(D)) = Yoo (F(D)) + dso (F(D)) (4.52)
1. Trude hét, ta co
XOO(F(D)) S X oo (Fl(D)) + XOO(F2(D)) + Xoo(F?)(D)) (453)
Nho Bé dé 4.2, ta thu duge cac danh gia sau
Xoo (F1(D)) < MyengXoe(D), (4.54)
Xoo (F2(D)) < 4(nn + 0285) Asc Xoo (D), (4.55)

Tit (4.53)—(4.56), ta c6
Xoo (F(D)) < [Msony + 4(nn + 02€4) Ao + 8050] X (D). (4.57)
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2. Bay gio ta lay D C BC}(5) 1a mot tap con bi chan. Khi d6 véi tat ca
u e D, taco

e F(uw)(t)||x < B khit— oo.
Dieu nay kéo theo ||F'(u)(t)||x < Be™ ", Yu € D va véi t du 16n. Diéu nay
tuong duong véi 1" du 16n, ta co dp (F(D)) < Be "' Do dé

doo (F(D)) = lim dr(F (D)) = 0. (4.58)
— 00
Tit (4.52), (4.57) va (4.58), ta c6 két luan clia bo de. ]

Dinh 1y 4.2. Gid st cdc gid thiét cia Bo deé 4.3 théa man va
loo := Mooy + 4(nn + 02€5) Aso) + 804 < 1. (4.59)

Khi dé bai toan (4.8), (4.9) c6 it nhat mot nghiém meém zdc dinh trén RT
théa man e||u(t)||x = O(1) khi t — +o0.

Chitng minh. Bdi gid thiét (4.59), toan tit nghiem F' 1a x*— nén. Thuyc
vay, néu D C BC}(S) la tap bi chan thoéa man x*(D) < x*(F(D)), khi
d6 theo Bo dé 4.4, ta thu dudc x*(D) < x*(F(D)) < lwx*(D). Do d6
X*(D) =0, nén D la compact tuong doi.

Theo Bo dé 4.3, F(BCH(8)) € BCH(B) va F lien tuc. Ap dung Dinh ly
1.15, anh xa F' x4c dinh bdi (4.24) c6 tap diem bat dong Fiz(F) C BCL(B)
la compact, khac tap (). Diéu nay ching t6 rang bai toan (4.8), (4.9) ¢6
nghiém wu(t) biéu dién bdi (4.16) thda man tliglo u(t) = 0. O

Dé minh hoa cho su ton tai nghiém mém phan ra theo téc dé mi cla
bai toan tong quat, ta quay lai xét bai toan (4.1)—(4.4). Nhu da néu trong
Vi du é muc M6 dau, ta xét bién 02 theo hai truong hop sau:

1. Mién Q C R"™ ¢6 bién 99 du tron. Khi d6 véi X = L*(Q2),—A = A, ¢
mién xac dinh HI(Q) N H?(Q) sinh ra Cy—nita nhém {T'(¢) }s>0 gidi tich,
compact, on dinh mi, ||7(¢)]|zx) < e ™, véi Ay > 0 la gia tri rieng dau
tien clia —A. Do d6 {T'(t)}i>0 1& Co—nita nhém lién tuc chuan. Ta nhic

lai cac ki hiéu sau:

u(t) — u(t7 ')7 f(ta U) — f(ta '7U('))7
o) = / ECoy)u(0,y)dy,  h(w) =3 Coulti,)
0 1=1
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Ta xét ham phi tuyén f, gid thiét ring ton tai ham m € Li (R*1) sao cho
| f(t,z, 2)| <m(t)|z], V(t,x,2) € RT x Q x R. Khi do ta co || f(t,v)]|x <
m(t)||v||x, Yv € X. Cha § rang toan ti

Ia toan t1t kiéu Hilbert-Schmidt trén Lo(£2), nén né 1a toan tit compact.
Diéu nay 4p dung cho anh xa g xac dinh béi g(u) = G(u(0,-)) cing la
toan ti compact. Tuong tu, ta c6 Ag 1a anh xa compact. Vi vay dieu kién
(G*)(4i) 1a théa man véi n, = £, = 0. Thém nita, ta thay ring

lg(w)llx < K]l z22xeyllu(0, )l x < K]l z2xey[[u(0, )l

Do d6 (G*)(i) thoa man. Tiép tuc, xét cac dieu kien doi v6i ham h, ta co
N

[B(ur) = hlu)llx < D7 Cillun(ti, ) = ws(ts,)1x < (Zc)uul — sl
1=1

N
Khi d6 y(h(Q)) < (Z CZ-) Yoo (), v6i moi tap bi chan D ¢ BO(R*: X).
1=1

N
Diéu nay cho thay gia thiét (H*)(4) thdéa man, & day n, = > C;. Thém
i=1
nita, ta c6 danh gia

[(u)llx < (Zc)uu i )lx < (Zc)uuuoo, Vu € BORY; X),

Dicu nay cho thay gia thiét (H*)(7) 1a thoa man.
Bdi cac két qua thu dugde & trén, qua tinh toan, ta cé

My =1, 05 =0, A < ()\1(02 - 01))_1799(7") — ”k”LZ(QxQ)Ta

t

K:SUP/G—(Am—v)(t 7) m(7)dr, O,(r (ZC )

>0
0

Ap dung Dinh ly 4.2, bai toan (4.1)—(4.4) c¢6 it nhat mot nghiem u €
BC(R"; L*(Q)) thoa man e ||u(t)|| 2@ = O(1) khi t — +o00 xéc dinh
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béi cac dieu kién
K < Aoy —7,

N
—1
[l 2y + ( > Ci+ oallEll 2@eny) [Malos — 00)] 4+ T < 1

2. Ta xét bai toan (4.1)-(4.4) trén mién  C R? bi chan véi bien 9 tron
trit diem goc x = 0, cac ham ¢, h dudgc xét nhu trén. Tuy nhién déi véi
ham f, ta gia st nhu sau:

Cho fi: R" XQOXR SR, u:RFxOQO = Rvafy: QxR — R sao cho
(a) f1 1a ham lien tuc théa man f(¢,z,0) =0 va
|filt, 2, 21) — filt, @, 20)| < ma(t)]21 — 2o
véi tat ca x € Q, 21, 290 € R, & day my € Lo(R™) hodic my 1a hédng s6;
(b) u € BC(R*, Ly());
(¢) fo 1a ham lien tuc va |fo(z, 2)| < U(z)]z] v6i I € Ly(9).

Ham f:R" x X — X thoéa man f(z,t,v) = fi(t,v)(x) + fo(t,v)(z), véi

h@W@Zﬁ@%wm;ﬁ@@@:wmﬂfﬂawmm.

Q

Xét fl; ta co Hfl(S,Ul) — fl(S,UQ)H S ml(s)Hvl — ?)QH. Dléu Iléby dua dén

X(fi(s, D)) < mu(s)x(D) (4.60)

v6i tat ca cac tap bi chan D C X.
Xét fo, st dung bat dang thiic Holder, ta co

I£att.0) B < In) ([ oo o(@))dr)

< It ( [ @liv(e)ide)

< @Il

Mat khéc, v6i bat ky D C X, ta thay rang fao(s, D) C { u(s, ) : A € R}.
Dicu nay dua dén fo(s, D) ndm trong khong gian con mot chiéu ctia X.



125

Do doé
X(f2(t,V)) =0, (4.61)
Vi t € R*. Tit (4.60) va (4.61), ta thu duoc
x(f(s, D)) < x(fi(s, D)) + x(f2(s, D)) < mi(s)x(D)
v6i moi tap bi chian D C X. Nhu vay, n(t) = my(t). Thém nita, ta c6
LFCt0)llx < A x + 120 0)[[x < (ma(t) + (@)L (12l o] x-
Do d6 m(t) = mu(t) + ()| x|l x-

Bdi cac két qua thu duoce trong vi du da néu é muc Md dau cia chuong,
lap luan tuong tu nhu truong hop bien 0N tron, ta ciing thu dude két qua

My =1, A < 1 04(r) = ||kl L2x)rs On(r (ZC>

M(og —ay)” 7

K< [mall L, + 2L o< 1 ([ lmall @ +£
a 2<)\101—7> | T A\ (Quoy): o)

646 L = max [lu(t)llx illx- Tiép theo, ta c6 Ou < T8

Dinh 1y 4.2, bai toén (4.1)—(4.4) ¢6 it nhat mot nghiem u € BC(R*; L*())
thoa man e7||u(t)||r2() = O(1) khi t — 400 xac dinh béi cac dieu kien

L. Ap dung

(K < \09 —

N
< > Ci + ookl 2(axq)

HkHB(QxQ) + =

+T' + 860, < 1.
\ A (o9 — 1)

Két luan chuong 4

Trong chuong 4, ching to6i da thiét lap ducc su ton tai nghiém meém
phan ra toc do theo cap mii ctia bai toan (4.8), (4.9) va dua ra duge cac vi
du minh hoa cho két qua dat dugc ddi v6i phuong trinh truyén séng nita
tuyén tinh v6i cau tric tit dan trén mién tron bat ky va mién cé diem
géc trong R?. Két qua dat dude tong quat hon so véi ciing két qua trong
[22, 21] trén hai phuong dién, thi nhat 1a bai toan duge xét véi dieu kién
bién khong dia phuong, thit hai 1a bai toan dugc xét véi 16p ham phi tuyén
rong hon.
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KET LUAN

Két qua dat dudc

Sy ton tai va tinh duy nhat nghiém yéu trén [0, +00) ctia bai toan
gi tri bien ban dau dbi v6i phuong trinh hyperbolic nita tuyén tinh
cAp cao trong cac truy khong tron.

Su ton tai duy nhat va bieu dién tinh chinh quy ctia nghiém yéu trén
[0,7] (0 < T < +00) theo bién thoi gian trong khong gian Sobolev ¢6
trong clia bai toan Dirichlet-Cauchy doéi v6i phuong trinh hyperbolic
nita tuyén tinh cap hai trong mién c6 canh, mién nén c6 canh.

Su ton tai nghiém mém phan ra toc do theo cap mi phuong trinh
truyen séong nita tuyén tinh véi cau triac tat dan cing diéu kién ban
dau khong dia phuong, xét v6i 16p ham phi tuyén c6 gia tri trong
khong gian Banach lién tuc bi chan.

Kién nghi mot s6 van dé nghién ciu tiép theo

Bén canh cac két qua da dat dugc trong luan a4n, mot s6 van dé md can

tiép tuc nghién citu nhu:

e Bicu dién tiém can ctia nghiém ctia bai toan Dirichlet-Cauchy déi véi
phuong trinh hyperbolic phi tuyén trong cac mién cé canh.

e Su ton tai duy nhat, tinh chinh quy, biéu dién tiém can ctia nghiém ctia
bai toan Dirichlet-Cauchy ddi v6i phuong trinh hyperbolic phi tuyén
trong mien da dién.

e Su ton tai nghiém mém ciia phuong trinh truyén séng c6 cau tric tat
dan véi tré vo han cung diéu kién ban dau khong dia phuong.
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